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Introduction

Vassiliev invariants are a class of knot invariant that have special properties, much like
how polynomials are a special kind of function. They fit within a general framework

of invariants of topological objects due to Thom, Arnold and Vassiliev. The general theory
defines invariants of a class of topological objects by taking into account not only the objects
themselves but also their singular versions and how they all fit within a larger topological
space.

The example we discuss in this thesis is that of knots. The space of immersions S1 → R3

contains knots (which are the embeddings), but also proper immersions that have one or more
intersection points inR3 and therefore fail to be knots. The singular knots form a space of codi-
mension one within the space of immersions; taking its complement divides the space of im-
mersions into connected componentswhich are exactly the knots. Similarly, inside the space of
immersionswith one ormore intersection points lies the codimension one space of immersions
with two or more intersection points, and it again divides up the space of one-singular-point
immersions into connected components. This continues, dividing the infinite-dimensional
space of immersions into the stratification of the space of knots. A rough schematic illustra-
tion of the stratification might look like the image below:

Of course, this two-dimensional picture doesn’t properly represent the infinite-dimensional
stratification.

The Vassiliev invariants are functions on the chambers of the strata (the knots) which take
into account the walls of the strata by changing by a predictable amount across a wall (or
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2 Introduction

higher-dimensional stratum), therefore obeying a relation between

f
( )

and f
( )

− f
( )

.

Chapter 11 reviews the theory of Vassiliev invariants, with attention given to the particu-
larly fruitful polynomial analogy first made by Bar–Natan in [Bar95Bar95]. The set of all Vassiliev
invariants V has the structure of a filtered bialgebra, and its product and coproduct mirror
those of the filtered bialgebra of polynomial functions on the real line.

Themost important result of the chapter is the fundamental theorem of Vassiliev invariants
— a corollary of the work of Kontsevich [Kon93Kon93] — which states that the bialgebra of Vassiliev
invariants is effectively described by its associated graded bialgebra, the algebra A of chord
diagrams. Once again, this fits neatly into an analogy with polynomials in which elements of
A are likened with constants of integration. Indeed, any polynomial function of degreem on
the real line can be constructed as a definite integral of the zero function m times by making
some specific choice of the constant of integration in each of the m definite integrals. This
choice of constants at every stage completely describes the polynomial. An arbitrary Vassiliev
invariant is described by the algebra A of chord diagrams in an analogous way.

In Chapter 22, the structure of the algebra A is examined. The relations in this algebra
have a Lie algebraic flavour, and as such a classical construction of Bar-Natan takes a metric
Lie algebra and produces a functional on A, known as a weight system. By the fundamental
theorem of the previous chapter this yields a class of Vassiliev invariants. We showcase this
construction by computing, following Yang [Yan24Yan24], the values of the functional associated
with the exceptional Lie algebra g2 on an infinite family of chord diagrams. We also compute
a relation on the functional associated to the f4 exceptional Lie algebra. The new results of
this chapter are Theorems 2.4.62.4.6, 2.4.82.4.8 and 2.4.92.4.9.

Somewhat surprisingly, not all Vassiliev invariants arise from this construction, and amore
general construction is required which takes not just Lie (super)algebras but Lie algebra ob-
jects in arbitrary symmetric monoidal categories. We review a classical theorem of Hinich–
Vaintrob from [HV00HV00] that every Vassiliev invariant is recovered by this more general con-
struction which takes as input some Lie algebra object in some symmetric monoidal category.
However, this result does not shed light onto which type of symmetric monoidal categories’
are necessary to consider for their Lie algebra objects to produce more Vassiliev invariants
than simply Lie algebras, which remains an open question in this field.

The focus of Chapter 33 is welded long knots, a type of two-dimensional knotted object
in four-dimensional space. Welded long knots also have a theory of Vassiliev invariants and
a corresponding version of A, known as the bialgebra of arrow diagrams Aw. Just as the
structure of A is Lie algebraic in nature, in a similar way Aw has structure reminiscent of
the cocommutative Drinfeld double of a Lie algebra. In the existing literature, there is no
construction analogous to that of Hinnich–Vaintrob applied to welded long knots. As such,
we build up to and prove a new Hinich–Vaintrob style theorem in the theory of welded long
knots, the new results being Theorems 3.4.43.4.4, 3.4.53.4.5 and 3.4.73.4.7. This gives an alternative proof of
the fact just like for classical knots, that every Vassiliev invariant of welded long knots comes
from a Lie algebra object in a symmetric monoidal category. This fact is also a corollary of
the work Bar-Natan–Dancso [BD16BD16], in fact it follows from their work that taking Lie algebra
objects in the symmetric monoidal category sVect of supervector spaces suffices to construct
all Vassiliev invariants of welded long knots.
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Conventions

All knots are assumed to be oriented and framed unless specified otherwise. Where a statement
holds for a knot which is drawn unoriented, it holds for both orientations of that knot.





1
Vassiliev invariants and chord diagrams

Polynomials are a special type of function: they are related in a natural way to the deriva-
tive, they are defined by a finite amount of combinatorial data, and they can be used to

approximate any continuous function.
In a similar way, the Vassiliev knot invariants are a special type of knot invariant. This

analogy, first made by Dror Bar-Natan in [Bar95Bar95] is in no way superficial. As we will come to
see in Definition 1.1.91.1.9, Vassiliev invariants enjoy analogues of the first two properties above.
They are also conjectured to enjoy the third, at the very least being able to approximate many
well-known invariants, for example the Conway and Jones polynomials.

In this chapter we present the introductory theory of Vassiliev invariants with the aim of
making the analogy above as explicit as possible. This also leads a natural interpretation of
the defining relations of the algebra A of chord diagrams, which is the fundamental object of
study in the field.

1.1 Singular knots

Definition 1.1.1 A singular knot is an immersion of S1 into R3 which fails to be an em-
bedding at finitely many singularities, and where the singularities are all double-points of
transverse intersection. When a singular knot hasm such singularities, we call itm-singular.

Remark 1.1.2 Immersions with other types of singularities are excluded from this defini-
tion, so the word “singular” in “singular knot” refers specifically to double point singularities.
In particular, immersions with
(a) triple points, and
(b) points with vanishing derivative

are excluded from the definition.

A singular knot with one double point is very close to two other knots: one of these is the
knot coming from a diagram of the singular knot, but in which the singular point is replaced
by a positive crossing. For the other, replace the singular point instead by a negative crossing.

5



6 Vassiliev invariants and chord diagrams

Definition 1.1.3 A knot invariant is a function from the set of embeddings of S1 into R3

to some ring, which is invariant under ambient isotopy. (For a definition of ambient isotopy,
see [Oht02Oht02, Section 1.1].)

From here on in this text we assume that the target ring is Q.

Just as we have notions of ambient isotopy for knots and knot invariants, we can have
m-singular isotopy andm-singular knot invariants.

Definition 1.1.4 An invariant f ofm-singular knots is differentiable if

f
( )

− f
( )

= f
( )

− f
( )

. (DIFF)

If anm-singular knot invariant is differentiable, we can extend it to an invariant of (m+1)-
singular knots by a procedure analagous to taking its derivative.

Definition 1.1.5 The derivative δ of a differentiable m-singular knot invariant f is an
(m+ 1)-singular knot invariant

δf
( )

= f
( )

− f
( )

.

Aknot invariant (which is an invariant of 0-singular knots) is vaccuously differentiable and
its derivative is an invariant of 1-singular knots. Furthermore, if an invariant of m-singular
knots is differentiable then so is its derivative, so it can be extended to any number of double
points. In particular, knot invariants have derivatives of all orders.

Rather than thinking about functions on knots satisfying certain relations, the modern
view of this subject takes the philosophy of imposing relations on the objects directly.

Definition 1.1.6 Define K•
m as the span of all m-singular knots, taken over Q, modulo the

following boundary relation (also known as a codifferentiability relation):

− = − . (DIFF∗)

From now on, we will refer to elements ofK•
m asm-singular knots, that is the DIFF∗DIFF∗ relation

will be implicitly assumed.

Definition 1.1.7 The boundary operation is the map ∂ : K•
m → K•

m−1 defined by

7−→ − .

Remark 1.1.8 The derivative δ and the boundary ∂ are adjoint,

δf
( )

= f
(
∂
( ))

.

From Definition 1.1.51.1.5, any knot invariant f can be extended to an invariant δmf of m-
singular knots

δ0f = f

and
δm+1f

( )
= δmf

( )
− δmf

( )
.

The Vassiliev skein relation extends a knot via its derivative, that is, defines a function
which on an (m+ 1)-singular knot agrees with the difference of values on its boundary.
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Definitions 1.1.9 (a) A knot invariant V is a Vassiliev invariant of order (or type)m if
when extended to (m+ 1)-singular knots via its (m+ 1)st derivative, it vanishes

δm+1V

(
· · ·︸ ︷︷ ︸
m+1

)
= 0.

(b) The order of a Vassiliev invariant V is the lowestm such that V is a Vassiliev invariant
of order m. (That is, the order of a Vassiliev invariant is the greatest number of double
points a knot K can have without V (K) having to vanish).

Remark 1.1.10 The (m+ 1)st derivative of a degreem polynomial also vanishes.

1.2 The stratification of the space of knots and integration

To help see the bird’s eye view we phrase the analogy between Vassiliev invariants and poly-
nomials in terms of an integration theory, following [Hut98Hut98].

Definition 1.2.1 An integration theory (O⋆, ∂⋆) is a sequence

· · · Om Om−1 · · · O1 O0
∂ ∂ ∂ ∂ ∂

of objects andmorphisms in some category. For example, they could be vector spaces, algebras,
bialgebras, free abelian groups or modules. Here we call them spaces, because we wish to use
the word object for elements of the spaces. In case we need to refer to a specific map, let ∂m
denote the map ∂ whose domain is Om. Note that we do not assume ∂2 = 0.

The primary interest is often the space O0, which contains the objects we want to un-
derstand. The spaces Om can often be thought of as containing m-singular versions of the
same kind of objects as O0. The map ∂ takes an m-singular object x to some combination of
(m− 1)-singular objects near x.

By fixing another space X and setting O∗
m = Hom(Om, X), we get the sequence

· · · O∗
m O∗

m−1 · · · O∗
1 O∗

0
δ δ δ δ δ

where δm is adjoint to ∂m. The maps δ behave like derivatives: if f ∈ O∗
m, then δf ∈ O∗

m+1 is
equal to some combination of values of f on “close”m-singular elements.

Questions 1.2.2 We wish to understand how to invert this process, namely:
(a) When does a functional in O∗

m “integrate” to a functional in O∗
m−1?

(b) Is the integral of a functional in O∗
m uniquely defined, or are there multiple solutions

when integrating (akin to the constant of integration “+ C” on the real line)?
(c) When does such a functional integrate multiple times, in particular when does it in-

tegrate m times into a functional in O∗
0 , (i.e. a function on the non-singular objects)?

(d) If there are multiple solutions when integrating, does this choice affect whether the new
functional is integrable again?

(e) Which functions on the non-singular objectsO0 are obtained bym consecutive integra-
tions of functionals in O∗

m?
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The answers to the above questions are given precisely by the following spaces. For exam-
ple, Question 1.2.21.2.2 (a)(a), a functional in O∗

m integrates to a functional in O∗
m−1 exactly when it

vanishes on POm as defined in Definition 1.2.31.2.3 (a)(a).

Definitions 1.2.3 (a) The primary obstructions to integration are the space

POm = ker ∂m.

(b) The constants of integration are the space

COm = Om/∂Om+1.

(c) The secondary obstructions to integration are the space

SOm = ker (∂m+1∂m)/POm,

and the order k obstructions to integration are defined analogously.
(d) The weights of integration are the space

WOm = COm/π(POm)

where π : Om → COm is the natural projection.
(e) The finite type invariants of orderm are the space

FTOm = ker δm+1,

where δm+1 denotesm+ 1 applications of δ with appropriate indices, ending with δm.

It may not be entirely obvious how these definitons provide answers to the questions above,
but in the rest of this section we will illustrate this for the case O⋆ = K•

⋆.
Recall that m-singular knots are components of the stratification of the space of knots of

codimensionm.

Definition 1.2.4 A singular isotopy Ψ ofm-singular knots is a path Ψ(t), t ∈ [0, 1] in the
union of themth and (m+1)st strata such that the path only intersects the (m+1)st stratum
transversally and finitely many times. The intersections {Ψs : s ∈ I} of the path with the
(m+ 1)st stratum are called the singularities of the singular isotopy.

The signs εs = ε(s) : {s} → {±1} of the singularity s is defined as+1 if a small U neigh-
bourhood of Ψ(t + ε) around the location of the singularity in Ψ(t), U resembles a positive
crossing. Otherwise ε(s) = −1. (This is equivalent to specifying that moving from a negative
crossing to a positive crossing yields a positive sign, and also equivalent to defining a coori-
entation on the (m + 1)st stratum by choosing a normal vector in the direction in which the
additional singular point of Ψ(t) becomes a positive crossing.)

A singular isotopy is closed if Ψ(0) = Ψ(1).

For example in terms of our pictorial representation of the strata from the introduction, a
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singular isotopy might look like the following.

Ψ(0)

ε=−1
Ψ(1)

Let us rephrase the definitions in Section 1.11.1, in the integration theoryO⋆ = K•
⋆. Differen-

tiation takes an invariantQ ofm-singular knots and defines an invariantQ′ of (m+1)-singular
knots. The values ofQ′ on the (m+1)-singular knot k• is the difference of values ofQ on the
combination of m-singular knots ∂k•. Therefore for any singular isotopy Ψ(t) of m-singular
knots from k•0 to k•1 , with singularity set {Ψs : s ∈ I}, we have

Q(k•0)−Q(k•1) =
∑
s∈I

εsQ
′(Ψs).

Note that due to the DIFF∗DIFF∗ relation this is always well-defined.
Integration is to construct from an invariant P of (m + 1)-singular knots an invariant Q

ofm-singular knots such that

Q(k•0)−Q(k•1) =
∑
s∈I

εsP (Ψs),

in which case we write P = Q′. This is like a “path-integral” along a singular isotopy. For this
to be well-defined, P needs to be path-independent. Equivalently, all integrals along closed
paths (where k0 = k1) must vanish. In particular, recall from Remark 1.1.21.1.2 that for example,
triple points are excluded from all levels of the stratification, leaving “holes” in the strata.
The vanishing of integrals along closed singular isotopies around such holes give rise to the
following relations, and satisfying these are necessary conditions for P to integrate.

Definition 1.2.5 (a) A topological four-term relation on a functional f ∈ (K•
m)

∗ is a
relation of the form

f


−f


−f


+f


 = 0. (T4T∗)

Specifically, it is any relation that arises by asserting that f vanishes on the sum of the
singularities (with signs) of a closed singular isotopy of the form

around the triple point
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(b) A topological one-term relation on a functional f ∈ (K•
m)

∗ is a relation of the form

f


 = 0. (T1T∗)

Specifically, it is any relation that arises by asserting that f vanishes on the singularity
of a closed singular isotopy

⇝

around a point with a vanishing derivative.

Remark 1.2.6 Since we are considering framed knots, only the singular isotopy in Defini-
tion 1.2.51.2.5 (a)(a) is closed, whereas the singular isotopy in Definition 1.2.51.2.5 (b)(b) is not; so only T4T∗T4T∗

holds. When considering unframed knots, the theory is the same as what we present below,
but T1T∗T1T∗ plays the same role as T4T∗T4T∗.

In particular, for every statement in the rest of this chapter about weight systems, chord
diagrams and indeed every space in Definition 1.2.31.2.3, a corresponding statement holds for an
unframed version of that space. In the framed version of the statement, hypotheses involve
only T4T∗T4T∗ (or a variant thereof), rather than both T4T∗T4T∗ and T1T∗T1T∗ like in the unframed version.
We give a few examples of the unframed statements as we go. For all of the statements, and
the relationship between the framed and unframed spaces, we refer the reader to [CDM12CDM12].

Indeed, the definition of the primary obstructions to integration as POm = ker ∂m (Def-
inition 1.2.31.2.3 (a)(a)) is justified, as a cycle in ker ∂m is a combination of (m + 1)-singular knots
with signs through which a closed singular isotopy could pass. Thus, if this space of primary
obstructions doesn’t vanish, an integral of an invariant f ∈ (K•

m)
∗ is necessarily not well-

defined. From Definition 1.2.51.2.5, we have a cycle of the kind

− − +

in PK•
m = ker ∂m. However, it is not clear whether combinations of this form span PO, that

is whether obstructions of this kind are the only type of primary obstruction. As it turns out,
they are, answering Question 1.2.21.2.2 (a)(a).

Theorem 1.2.7 (Stanford [Sta96Sta96]) An invariant f of m-singular knots integrates to an in-
variant of (m− 1)-singular knots if and only if it satisfies T4T∗T4T∗.

Remark 1.2.8 The corresponding unframed version of Stanford’s theorem reads: An invari-
ant f ofm-singular unframed knots integrates to an invariant of (m−1)-singular unframed knots
if and only if it satisfies T4T∗T4T∗ and T1T∗T1T∗.
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To answer Question 1.2.21.2.2 (b)(b), it’s helpful to define the constants of integration, which
comprise the information that is lost when differentiating. In the case of knots, given an
invariant f of m-singular knots, differentiating defines an invariant δf on (m + 1)-singular
knots as the difference of f on two “neighbouring”m-singular knots. This way, the individual
value of f on either of thesem-singular knots is lost, and when integrating, a choice has to be
made.

Recall from Definition 1.2.31.2.3 (b) that CK•
m = K•

m/∂K•
m+1. Let us examine the classes of

this quotient space. From the defintion of the derivative,

∂
( )

= −

so the difference of an m-singular knot and the same m-singular knot with one crossing
changed is the image of some (m + 1)-singular knot under ∂. The classes of this quotient
are therefore m-singular knots modulo crossing changes. The only data needed to describe
such an equivalence class is the order in which them double points are traversed around the
m-singular knot.

Definitions 1.2.9 (a) A chord diagram of order m is an element of K•
m/∂K•

m+1. An
equivalent combinatorial description of such an element is an oriented circle with a dis-
tinguished set of m unordered pairs of points, considered up to orientation-preserving
diffeomorphisms of the circle. In figures, chords are drawn between each pair of points.
The vector space spanned by chord diagrams of orderm is denotedDm, soDm = CK•

m.
The oriented circle is called the skeleton of the chord diagram.

(b) The chord diagram of an m-singular knot k, denoted σ(k) is the chord diagram (in
the sense of (a)(a)) formed by the following process. Place 2m points on the skeleton, two
for each singular point of k. Traversing both k and the skeleton, label the points on the
skeleton in the order in which the singular points of k are traversed. Each label is given
twice, and points with the same label are paired, forming σ(k).

Example 1.2.10 The following is a pair of a singular knot k and its chord diagram σ(k). We
have illistrated which double point corresponds to which chord.

σ7−→

♢

Proposition 1.2.11 Suppose P is an integrable m-singular invariant with integral Q. Let Q0

differ from Q by a function q on chord diagrams, that is

Q0(k) = Q(k) + q(σ(k))

for q ∈ D∗
m. Then Q0 is also an integral of P .

Proof The derivative of an n-singular invariant that factors through σ is zero: crossing
changes do not change the chord diagram, so when a crossing change occurs, the function
does not change. Hence Q and Q0 have the same derivative P . □
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Questions 1.2.21.2.2 (c)(c) and (d)(d) have to do with integrating multiple times consecutively. After
integrating the first time, we have introduced the constants of integration, so we might wish
to know which constants of integration are themselves integrable.

Definition 1.2.12 A weight system is an integrable w ∈ D∗
m.

The T4T∗T4T∗ relations are what knot invariants must satisfy to be integrable (also T1T∗T1T∗ for
unframed invariants). If we take their images under σ, we get the following relations in the
space of chord diagrams.

Definitions 1.2.13 (a) A four-term relation is a relation of the kind

q


− q


− q


+ q


 = 0. (4T∗)

(b) A one-term relation (relevant only in the unframed case) is a relation of the kind

q


 = 0. (1T∗)

where the chord shown is isolated, meaning no other chord intersects it (when suitably
isotoped).

Just like T4T∗T4T∗, 4T∗4T∗ is not an individual relation, but a class of relations. For example, there’s
one 4T∗4T∗ relation for all ways of placing other chords on the dotted parts of the diagrams above,
identically in all four diagrams.

Proposition 1.2.14 Weight systems are exactly constants of integration that satisfy 4T∗4T∗.

Proof Recall that a weight system is an integrable w ∈ D∗
m. A functional w : Dm → Q

defines anm-singular invariant w ◦ σ by precomposing with σ. Such anm-singular invariant
depends only on the chord diagram and so it is unchanged by crossing changes. To be inte-
grable, w ◦ σ must satisfy T4T∗T4T∗, but this is equivalent to w satisfying the projection of T4T∗T4T∗

into chord diagrams, which is 4T∗4T∗. □

We return now to the secondary (and higher) obstructions. A general integral of an m-
singular P is only defined up to constants of integration, so is of the form

Q+ q ◦ σ.

For this to be integrable again, bothQ and q◦σ need to be integrable since integration is linear.
The latter we have just seen as the condition that q is a weight system. A sufficient condition
for the former to be integrable is that the secondary obstructions SK•

m vanish. In our current
case of O = K, the secondary obstructions are conjectured to vanish, in fact the conjecture is
stronger: that all higher obstructions vanish, giving a conjectural answer to Question 1.2.21.2.2 (e)(e).

Conjecture 1.2.15 An invariant of m-singular knots satisfying T4T∗T4T∗ integrates m times into
a genuine knot invariant.
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Remarks 1.2.16 (a) At first glance, this conjecture looks like it follows from Theo-
rem 1.2.71.2.7. The point is that it may not be possible to choose the integral to again satisfy
T4T∗T4T∗, which is what SK• measures.

(b) Computing SK•
m is dual to computing ker ∂m+1∂m/ ker ∂m (a similar thing was seen

with the primary obstructions). Computing ker ∂2 is the hard part — some elements of
this space are found in [Hut98Hut98], but whether they suffice to generate the kernel remains
open.

(c) This conjecture is known in certain cases. It holds in the integration theory for braids
[Hut98Hut98], and in a certain sense it’s “half”-proven for knots [Wil98aWil98a].

The finite type invariants inK•
⋆ are simply the Vassiliev invariants, as checked by a simple

comparison between Definitions 1.1.91.1.9 and 1.2.31.2.3. In other words, Vassiliev invariants of order
m are those which vanish on parts of the strata at and above some depthm+ 1.

Restricting Conjecture 1.2.151.2.15 to Vassiliev invariants, yields the following.

Theorem 1.2.17 (Fundamental theorem of Vassiliev invariants) Let v be an invariant
ofm-singular knots satsifying T4T∗T4T∗ and the additional condition that δv = 0. Then v integrates
m times into a genuine knot invariant (which is a Vassiliev invariant of orderm).

Remark 1.2.18 There are various proofs of the fundamental theorem, listed in [BS97BS97]. Un-
fortunately none of them are fully understood. In the words of Bar-Natan: “Always themethod
is indirect and very complicated, and/or some a-priori unnatural choices have to be made”.

In particular, it is mysterious that the natural topological approach of computing SK•
m

works for braids but remains intractable for knots.

In Section 1.51.5 we will prove an equivalent formulation of the fundamental theorem.

1.3 Knots and Vassiliev invariants

Speaking broadly, the aim of Vassiliev theory is to study the space of knots using information
from the stratification of knots introduced in the first two sections through the space of chord
diagrams. But these spaces are not just vector spaces — there is further multiplicative structure
which we wish to incorporate.

Definitions 1.3.1 (a) The space of knots denoted K is the vector space spanned overQ
by non-singular knots. Equivalently, K = K•

0.
(b) The space of knots is equipped with the singular knot filtration

K = K0 ⊃ K1 ⊃ K2 ⊃ · · ·

where the ith filtered component Ki is the span of resolutions of singular knots with i
double points. Equivalently Ki = ∂i(K•

i ).

Proposition 1.3.2 The singular knot filtration is a descending filtration of vector spaces.

Proof This being a filtration of vector spaces, the only thing to check is that if i < j, then
Ki ⊃ Kj . If k ∈ Kj , then k = ∂j(k•) for some k• in Kj . But then k = ∂j(k•) = ∂i∂j−i(k•), so
k ∈ ∂i(K•

i ). □

The algebraic structure on knots comes from the following operation.
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Definition 1.3.3 The connected sum of two knots k1 and k2 is the knot k1 ♯ k2 obtained
by removing a small arc from each of k1 and k2, then connecting the two embedded intervals
into a single knot in an orientation-preserving way.

♯7−→

This definition is extended bilinearly to K.

The connected sum of knots is not a priori well-defined, as we have not specified where
along either k1 or k2 the small arc is to be removed or along which path they should be con-
nected. However, by a classical knot-theoretic argument, the result is independent of either
choice.

Proposition 1.3.4 The connected sum operation ♯ : K ⊗ K → K is well-defined — up to
ambient isotopy, it does not matter where and along what path the connection was performed.

Proof Since Definition 1.3.31.3.3 defines ♯ bilinearly, it suffices to show that k1 ♯k2 is well-defined
for any k1 and k2 genuine knots (that is, generating elements of K). We exhibit an ambient
isotopy starting at k1 ♯ k2 where the small arc is removed from k1 as in the example above.
The part of the connected sum coming from k2 is shrunk by ambient isotopy. Since it can be
shrunk arbitrarily small, let it be shrunk to lie within a small tubular neighbourhood of k1.

⇝

Then, k2 is isotoped along k1, reenlarged and isotoped back to its original position.

⇝ ⇝

The above argument works for any choice of small arc removed along k1, and the same argu-
ment with the roles of k1 and k2 reversed completes the proof.

A similar agument also shows that the path along which the two knots are connected
doesn’t matter, as k2 can always be shrunk to within a small tubular neighbourhood of k1. □

Proposition 1.3.5 The connected sum respects the descending filtration, so that

Ki ♯ Kj ⊂ Ki+j for all i, j ≥ 0.

That is, the connected sum makes (K, ♯) into a descending filtered algebra.
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Proof Indeed, the connected sum being a well-defined operation makes K into an algebra.
The question is whether the connected sum respects the filtration.

If k⊗ℓ ∈ Ki⊗Kj , then there are k• and ℓ• inK•
i andK•

j that resolve to k and ℓ, respectively.
By linearity of ♯, it again suffices to assume k• and ℓ• are generating elements (rather than
linear combinations). Similarly, the ‘connected sum’ k• ♯ ℓ• resolves by ∂i+j to k ♯ ℓ, which is
therefore in ∂i+j(Ki+j).

Here, ‘connected sum’ is enclosed in inverted commas due to the following technicality.
Connected sums of singular knots with singular knots were not part of Definition 1.3.31.3.3. Even if
we ensure that the small arcs removed from a singular knot do not contain a singular point, this
is still ill-defined. The ambiguity is that the resulting singular knot may depend on fromwhich
side of the singular point the arc was removed, i.e. the repositioning argument in the proof of
Proposition 1.3.41.3.4 fails due to the presence of singular points. After taking the resolution under
∂i+j the repositioning argument now works again, so any of the choices of connected sum in
k• ♯ ℓ• produce a singular knot which resolves to k ♯ ℓ. □

Definition 1.3.6 The coproduct ∆ : K → K⊗K is defined on knots k as

∆(k) = k ⊗ k

and extended bilinearly to K.

Proposition 1.3.7 The triple (K, ♯,∆) forms a bialgebra. In other words, the connected sum
and coproduct are compatible.

Proof A bialgeba is a vector space which is both an algebra and a coalgebra with compatible
product and coproduct. That (K,∆) forms a coalgebra is trivial (the counit is the augmentation
map denoted ε), and we have already seen that (K, ♯) is an algebra. So it remains only to check
the compatibility conditions. Indeed, we have

∆(k ♯ ℓ) = k ♯ ℓ⊗ k ♯ ℓ
= (k ⊗ k) ♯⊗2 (ℓ⊗ ℓ)
= ∆(k) ♯⊗2 ∆(ℓ)

where ♯⊗2 denotes the component-wise connected sum on K ⊗K.
Checking the unit and counit is trivial. □

Proposition 1.3.8 The coproduct ∆ also respects the filtration,

∆(Kj) ⊂
j∑
i=0

Ki ⊗Kj−i.

That is, K is a filtered bialgebra with the singular knot filtration.

We give a proof due to Willerton which follows directly from Lemma of 1.3.101.3.10 of [Wil96Wil96].
The lemma is a formula for the coproduct of an element k ∈ Km that comes from some
k• ∈ K•

m. The formula is in terms of the 2m ways of resolving some of singular points in one
cofactor and the rest in the other, but first we need some notation.

If I is a subset of the singular points of a singular knot, let ∂I be the operator that resolves
the singular points I . LetµI be the operator that averages singular points in I , where averaging
a singular point defined by the map

7−→ 1

2

(
+

)
.
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Remark 1.3.9 There is one technicality. The operations δ and ∂ were defined without the
need to specify a specific double point (this was the point of the DIFFDIFF and DIFF∗DIFF∗ relations),
but the definitions of µI and ∂I are specific about double points. So for Lemma 1.3.101.3.10, its proof
and the proof of Proposition 1.3.81.3.8, we write K•

m even though we mean the lift of the K•
m’s,

without the DIFFDIFF and DIFF∗DIFF∗ relations. We choose not to alter the notation as projecting the
formulas back down to the quotient properly proves that∆ respects the filtration as intended.
Lemma 1.3.10 (Willerton) Suppose k• ∈ K•

m, and let S denote the set of singular points of
k•. Then we have

∆(∂S(k•)) =
∑
I⊂S

µĪ∂I(k•)⊗ µI∂ Ī(k•)

where Ī = S ∖ I .

Proof We proceed by induction on m. In the base case of m = 0, S = ∅, and k• = k is a
linear combination of genuine knots. Since everything is linear, it suffices to assume k• = k
is a knot. So,

∆(∂0(k)) = ∆(k)

= k ⊗ k

=
∑
I⊂∅

µĪ∂I(k)⊗ µI∂ Ī(k).

The inductive step is as follows. Let k• ∈ K•
m+1, again by linearity it suffices to assume

this is a single singular knot. Let J denote all singular points of k•, and x ∈ J be a specific
singular point. Furthermore, let k•+ (resp. k•−) denote them-singular knots obtained from k•

when x is replaced by a positive (resp. negative) crossing, so that ∂{x}(k•) = k•+ − k•−. We
proceed by examining ∑

I⊂J

µĪ∂I(k•)⊗ µI∂ Ī(k•).

Decomposing the sum based on whether x ∈ I yields∑
x∈I⊂J

µĪ∂I∖{x}(k•)⊗ µI∖{x}∂ Ī(k•) +
∑
x/∈I⊂J

µĪ∖{x}∂I(k•)⊗ µI∂ Ī∖{x}(k•),

after which resolving either ∂ or µ on x,
1

2

∑
x∈I⊂J

µĪ∂I∖{x}(k•+ − k•−)⊗ µI∖{x}∂ Ī(k•+ + k•−)

+
1

2

∑
x/∈I⊂J

µĪ∖{x}∂I(k•+ + k•−)⊗ µI∂ Ī∖{x}(k•+ − k•−).

Expanding, yields the cumbersome formula
1

2

∑
x∈I⊂J

(
µĪ∂I∖{x}(k•+)⊗ µI∖{x}∂ Ī(k•+) + µĪ∂I∖{x}(k•+)⊗ µI∖{x}∂ Ī(k•−)

− µĪ∂I∖{x}(k•−)⊗ µI∖{x}∂ Ī(k•+)− µĪ∂I∖{x}(k•−)⊗ µI∖{x}∂ Ī(k•−)
)

+
1

2

∑
x/∈I⊂J

(
µĪ∖{x}∂I(k•+)⊗ µI∂ Ī∖{x}(k•+)− µĪ∖{x}∂I(k•+)⊗ µI∂ Ī∖{x}(k•−)

+ µĪ∖{x}∂I(k•−)⊗ µI∂ Ī∖{x}(k•+)− µĪ∖{x}∂I(k•−)⊗ µI∂ Ī∖{x}(k•−)
)
.
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Since {I | I ⊂ J, x /∈ I} is equal to {I ∖ {x} | I ⊂ J, x ∈ I}, in each of the above sums,
the corresponding terms have the same indices. Hence, the first and last terms in each sum
combine, and the second and third terms cancel out to give∑

x∈I⊂J

µĪ∂I∖{x}(k•+)⊗ µI∖{x}∂ Ī(k•+)− µĪ∂I∖{x}(k•−)⊗ µI∖{x}∂ Ī(k•−).

Since neither µĪ∂I∖{x} or µI∖{x}∂ Ī are with respect to x, this can be written∑
I⊂J∖{x}

µĪ∂I(k•+)⊗ µI∂ Ī(k•+)− µĪ∂I(k•−)⊗ µI∂ Ī(k•−)

which by the inductive hypothesis is

∆(∂J∖{x}(k•+))−∆(∂J∖{x}(k•−)) = ∆(∂J∖{x}(k•+)− ∂J∖{x}(k•−))

= ∆(∂J(k•)). □

Proof of Proposition 1.3.81.3.8 The operators ∂I and µĪ commute since they are evaluating
different singular points. Let I be an arbitrary subset of S, and let |I| = i and |S| = j, then
the left cofactor is in Ki and the right in Kj−i. □

The point of the Vassiliev invariants is that they are the ones that are natural to consider
with respect to the singular knot filtration. Indeed, the Vassiliev invariants are obtained di-
rectly from K via the following construction.

A decreasing filtration on a bialgebra induces an ascending filtration on its dual bialge-
bra. The dual bialgebra’s mth filtered component is the space of functionals on the original
bialgebra that vanish on the (m + 1)st filtered component. In the case of K, this is the set of
knot invriants that vanish on Km+1: exactly the Vassiliev invariants of order m. The prod-
uct/coproduct in the dual bialgebra are those operations adjoint to the coproduct/product in
the original bialgebra. The construction is standard and the details can be found in [CDM12CDM12,
Appendix A.2.4].

Definition 1.3.11 The filtered bialgebra of Vassiliev invariants, denoted V , is the vector
space of Vassiliev invariants with an ascending filtration by degree

V0 ⊂ V1 ⊂ V2 ⊂ · · · and V =
∞⋃
m=0

Vm.

The product is given by pointwise multiplication

V1 · V2(k) = V1(k)V2(k)

and the coproduct η is given by

η(V )(k1 ⊗ k2) = V (k1 ♯ k2).

Proposition 1.3.12 The filtered bialgebraic dual of the descending filtered bialgebra of singu-
lar knots K is the ascending filtered bialgebra of Vassiliev invariants V .
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Wewill not prove this standard fact, but let us sketch the main points. Firstly, by definition
the set of functionals in K∗ that vanish on Km+1 is Vm.

Pulling V1 ⊗ V2 back along ∆ gives

(V1 ⊗ V2) ◦∆ : k 7→ V1(k)V2(k),

which recovers the formula for the product V1 ·V2 in V . Similarly, pulling V back along ♯ yields

V ◦ ♯(k1 ⊗ k2) 7→ V (k1 ♯ k2)

which recovers the formula for the coproduct, η.
Here we rely on the fact thatK is of finite type (finite-dimensional in each filtered compo-

nent).

Remark 1.3.13 Alternatively, this can be proved directly in V . Showing that ♯ respects the
filtration onKwas easy, and is just as easy in the dual case. However, the proof that∆ respects
the filtration onK was cumbersome, and so is that of its dual. But it is worth looking into how
it can be understood by a continuation of the polynomial analogy due to Willerton [Wil96Wil96].

The generalised Leibniz theorem of multivariable calculus says that if f and g : Rm → R
are differentiable, then (in similar derivative notation to as above)

∂|I|(fg)

∂xI
=

∑
J⊂{1,··· ,i}

∂|J |f

∂xJ
· ∂

|J̄ |g

∂xJ̄
.

This says that the derivative of a product of f and g with respect to some variables is the
sum of every way of taking some of those derivatives with respect to f and some with respect
to g.

A kind of dual theorem follows from this. Let c ∈ R, and suppose that c comes from some
pair of functions f and g : Rm → R by taking their derivatives with respect to some of the
variables and evaluating all remaining variables in the result. Then, we get a cofactorisation
for c in R⊗ R: i.e. if

c =
∂|I|(fg)

∂xI

∣∣∣∣
{xI=aI}

then

µ

 ∑
J⊂{1,··· ,i}

∂|J |f

∂xJ

∣∣∣∣
{xJ=aJ̄}

⊗ ∂|J̄ |g

∂xJ̄

∣∣∣∣∣
{xJ=aJ}

 = c

where µ : R⊗ R→ R is multiplication.
As it turns out, this generalised “co-Leibniz theorem” is pretty useless in the multivariable

calculus case. The filtration onR coming from being the derivative of some function evaluated
at some point is trivial, and so every c ∈ R comes from some such f and g, and it’s easy to
construct such f and g. But the co-Leibniz theorem in the case of knots is exactly Willerton’s
Lemma 1.3.101.3.10, where the averaging map plays the role of evaluation. Recall that this was used
to show that the coproduct respects the filtration.

Furthermore, the knot version of the generalised Leibniz theorem [Wil96Wil96] is that if k• ∈
K•
m (assume a generating element, as suffices by linearity) and S the set of singular points of

k•, then
(V1 · V2)(∂S(k•)) =

∑
I⊂S

V1(µ
Ī∂I(k•))⊗ V2(µI∂ Ī(k•)).
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It follows directly from this that the product of two Vassiliev invariants respects the filtration.
Indeed if V1 is of type m and V2 of type n, then V1 · V2 is of type m + n: if k• ∈ K•

m+n+1,
then either |I| > m or |Ī| > n. Therefore in each summand, one of the cofactors is a Vassiliev
invariant being evaluated above its order, so zero. Hence (V1 · V2)(∂S(k•)) = 0.

How is this argument in analogy with some property of polynomials? Translating it from
the knot-theoreic setting back into the original setting of multivariable calculus, it becomes
a proof that polynomials are filtered by degree. In summary the cumbersome proof that ∆
respects the filtration on K is a dual-version (in a knot-theoretic setting) of the fact that poly-
nomials are filtered by degree.

We have not yet given any examples of non-Vassiliev invariants.

Example 1.3.14 The Conway polynomial C(k) is an invariant C : K → Z[t] defined by
the skein relation

C
( )

− C
( )

= tC
( )

and the relation
C
( )

= 1.

The Conway polynomial itself is not a Vassiliev invariant: its extension to singular knots
is

δC
( )

= tC
( )

and for multiple double points

δnC
(

· · ·
)
= tnC

(
· · ·

)
.

Take for example, the sequence {ki}i∈N of singular knots, where

ki =
... has i double points and a single crossing.

Then evaluating the Conway polynomials of this sequence of singular knows, we have

δiC(ki) = C
( )

= 1 for all i ∈ N

and therefore the Conway polynomial is not a Vassiliev invariant.
However fix ℓ ∈ N. An argument of [Bar95Bar95] shows that the coefficient cℓ of tℓ in C is a

Vassiliev invariant. Indeed, by the iterated skein relation, tℓ+1 is a factor of δℓ+1C , so cℓ = 0,
so the coefficient of tℓ vanishes. As such, while C(k) is not a Vassiliev invariant, it is approx-
imated by Vassiliev invariants, specifically it is a power series Vassiliev invariant which we
now define. ♢

Definition 1.3.15 A power series Vassiliev invariant is an element of the space
∞∏
n=0

Vn.
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The power series Vassiliev invariants are those with a particular topological interpretation
in terms of the stratification of the space of knots. The details of this perspective are rather
technical, so we give only a brief idea of this interpretation: roughly speaking, they arise as
linking numbers with cycles in the homology of the complement of the stratification of the
space of knots truncated to a certain level. We refer the reader to [CDM12CDM12, Ch. 15] for a
summary.

The Conway and Jones polynomials and all quantum invariants [BL93BL93] are power series
Vassiliev invariants. Let us now examine an invariant which is not obviously a power series
Vassiliev invariant.

Example 1.3.16 Let 31 denote the right-handed trefoil knot. The trefoil indicator invariant
f31 is defined

f31(k) =

{
1 if k = 31

0 otherwise
.

Consider the sequence of singular knots

{ki}i∈N where ki = i×

For i ∈ N, ∂i(ki) is a sum of the 2i terms coming from resolving each double point. Exactly
one of these terms is 31, with a coefficient of 1. So δi(ki) = 1 ̸= 0 for all i ∈ N. Hence f31 is
not Vassiliev. ♢

More examples of non-Vassiliev invariants are the unknotting number, crossing number,
signature, genus and bridge number [Dea94Dea94; Tra94Tra94]. The proofs of these being non-Vassiliev
touch on yet another dimension of the polynomial analogy, reviewed in [Wil98bWil98b]. It is un-
known whether these invariants are power series Vassiliev invariants.

In particular some of these invariants are defined as invariants tautologically, as the min-
imum of some property of a knot diagram across all diagrams of a knot. Knowing whether
those invariants are power series Vassiliev invariants or not would be insightful as to whether
they have some topological interpretation in terms of the stratification of the space of knots.

1.4 Chord diagrams and weight systems

This bialgebra structure on knots is closely related to a similar bialgebra structure on chord
diagrams. Knots are complicated and chord diagrams are much simpler, and the general idea
is to study the former via the latter.

In Section 1.21.2 we saw how functions on chord diagrams specify Vassiliev invariants, so long
as the functions satisfy 4T∗4T∗ (and unframed Vassiliev invariants if they further satisfy 1T∗1T∗). We
can instead encode this directly into the algebra of chord diagrams by the following relations.

− − + = 0. (4T)
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= 0 (1T)

Definition 1.4.1 We define Am, the space of chord diagrams of degreem as

Am = Dm/4T4T

and A, the space of chord diagrams as

A =
∞⊕
m=0

Am.

The space of unframed chord diagrams, A′ is defined similarly from A′
m = Dm/4T4T, 1T1T.

Warning 1.4.2 Both elements ofA andD are known as chord diagrams. From now onwhen
we say “a chord diagram”, we mean an element of A unless otherwise specified.

The algebra A has multiplication and coproduct operations that mirror those in K.

Definition 1.4.3 The connected sum of two chord diagrams A1 and A2 is the chord
diagram obtained by cutting the two circles of A1 and A2 and connecting the two intervals in
an orientation-preserving way.

♯7−→ =

The definition is extended bilinearly to elements of A.

Again, this is not, a-priori, a well-defined operation, as the location of the cut on each circle
was not specified. Indeed this is ill-defined in D. However the 4T4T relation in A rectifies this
issue.

Proposition 1.4.4 The connected sum operation ♯ : A⊗A → A is well-defined.

Proof Wewill prove that the connected sums of two chord diagrams, given any two choices
of connection locations, are equal modulo 4T4T.

Let us denote the first chord diagram as a1 and the second as a2. Without loss of generality,
it suffices to prove that without change in the connection location of a1, we can change the
connection location on a2. Indeed it suffices to prove that we can rotate a2 by one ‘click’, like
so:

⇝ .

This is equivalent to sliding a single chord endpoint on the second diagram all the way through
the first diagram, along the path of the grey arrow

,



22 Vassiliev invariants and chord diagrams

which we show can be achieved by a series of 4T4T relations.
Note that we can rewrite 4T4T as −

 +

 −

 = 0.

A sliding move of our special chosen endpoint of a2 over an endpoint of some chord of a1
is achieved by subtracting the first two terms of the rearranged 4T4T. But every chord of a1 is
encountered twice in the path. In the other instance it is encountered, the sliding is achieved
by subtracting the remaining two terms of 4T4T. As such, the two connected sums a1 ♯ a2 differ
by a sum of 4T4T relations, completing the proof. □

Proposition 1.4.5 The connected sum operation makes A into a graded algebra.

Proof No chords are lost during the connected sum: the 4T4T relation is homogenous with
respect to degree, so the connected sum of a chord diagram of order i and a chord diagram of
order j is a chord diagram of order i+ j. □

Just as there is a connected sum operation inA reminiscent to that inK, there is a coprod-
uct too.

Definition 1.4.6 The coproduct of a chord diagram A is the sum of ways of partitioning
its chords between two subdiagrams. Specifically, if S is the set of chords of A, and J ⊂ S, let
Ĵ = S ∖ J . Denote by AJ the chord diagram A but with only the chords in J ⊂ S, and the
rest deleted. Then

∆(A) =
∑
J⊂S

AJ ⊗ AJ .

Proposition 1.4.7 The coproduct∆ is well-defined inA, and makesA into a graded bialgebra.

Proof We need to check: that the coproduct factors through the quotients, that the coprod-
uct respects the grading, and that the coproduct is an algebra morphism (one way of writing
the compatibility condition).

That in the unframed case, ∆ factors through 1T1T is easy: an isolated chord in A remains
isolated and appears in one cofactor of every term of ∆(A).

Also, ∆ factors through 4T4T. Suppose that K = A1 − A2 + A3 − A4 is some combination
of chord diagrams to be killed by 4T4T. This means that K looks like

K =

 −

 +

 −


where there may be other chords that the above diagrams have in common, as well as those
shown. Note that there is one moving chord in the above diagram and one stationary chord.
Let us label these m and s respectively. Take the same partition J ⊔ J of S for all of the four
chord diagrams at once, and write as the resulting coproduct ∆(Ai) = Ci ⊗ Di. Suppose
without loss of generality that m was partitioned into the Ci’s. Then D1 = D2 = D3 = D4,
so this term of the coproduct factors as (C1 − C2 + C3 − C4)⊗D1 and either:

• s was also partitioned into the Ci’s and the relation remains a 4T4T, or
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• s was partitioned into the Di’s, and so C1 = C2 and C3 = C4.

In either case, that term of the coproduct is killed.
The coproduct is clearly graded, as

∆(Am) ⊂
⊕
i+j=m

Ai ⊗Aj = (A⊗A)m.

Finally, we check the compatibility condition. If A has chord set S and B has chord set T ,
then

∆(A) ♯⊗2 ∆(B) =

(∑
J ′⊂S

AJ ′ ⊗ AJ ′

)
♯⊗2

(∑
J ′′⊂T

BJ ′′ ⊗BJ ′′

)
=
∑

J⊂S⊔T

(A ♯ B)J ⊗ (A ♯ B)J

= ∆(A ♯ B). □

We have shown that A is a graded bialgebra of finite type. Here finite type means it is
finite-dimensional in each graded component. In fact A has an even more specific structure.

Definition 1.4.8 A connected, commutative, cocommutative graded bialgebra of finite
type is a graded bialgebra A of finite type for which

• The unit map Q → A0 is an isomorphism (connectedness)

• The product is commutative, that ism ◦ τ = m

• The coproduct is cocommutative, that is τ ◦∆ = ∆

where τ : A⊗ A→ A⊗ A sends x⊗ y 7→ y ⊗ x.

Proposition 1.4.9 The bialgebra A is a connected, commutative, cocommutative graded bial-
gebra of finite type.

Proof The connetedness isomorphism is given by associating a scalar k to k times the empty
chord diagram.

We have already shown the connected sum to be commutative, and the coproduct can
clearly be seen to be cocommutative from the symmetry of Definition 1.4.61.4.6. □

Connected, commutative, cocommutative graded bialgebras of finite type are very rigid
structures. In particular, a classical structural theorem applies, and such a bialgebra can be
understood in terms of a particular class of elements.

Definition 1.4.10 An element x is primitive in a coalgebra (so in-particular in a bialgebra)
with coproduct ∆ if it satisfies

∆(x) = 1⊗ x+ x⊗ 1.

The set of primitive elements of a bialgebra A is denoted P(A), and if A is graded, then we
write Pn(A) to denote the set of primitive elements of degree n.
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Theorem 1.4.11 (Milnor-Moore) Let H be a connected, commutative, cocommutative bial-
gebra of finite type, over a field of characteristic zero. Then, as an algebra,H is isomorphic to the
symmetric algebra of P(H). In other words, H is a polynomial algebra in P(H).

We refer the reader to [Les24Les24] or [CDM12CDM12] for a proof. This fact leads to important conse-
quences about the structure of A and its relation to Lie algebras, which will be the subject of
Chapter 22.

In the previous chapter we saw a duality between a space K of objects (specifically knots)
and a space V of (a certain class of) functionals on knots. There is a similar relation between
the graded bialgebra of chord diagrams and weight systems.

Definition 1.4.12 The space of weight systems (Definition 1.2.121.2.12) denoted W forms a
graded bialgebra, the graded bialgebra of weight systems with grading given by degreem,
product given by pointwise multiplication

W1 ·W2(a) =W1(a)W2(a),

and coproduct, η given by
η(W )(a1 ⊗ a2) = W (a1 ♯ a2).

Every graded object is a filtered object with the naturally induced filtration. Considering a
graded object as such allows us to take its dual filtered bialgebra (which we refer to as its dual
graded bialgebra in this case).

Proposition 1.4.13 The graded bialgebraW is the dual graded bialgebra of the graded bial-
gebra A.

Proof That W = A∗ as sets follows from Definition 1.2.121.2.12. Indeed, a weight system is
a functional on chord diagrams that is integrable, that is a functional satisfying 4T∗4T∗. Recall
that by Definition 1.4.11.4.1, this is exactly an element of A∗. The rest of the proof uses the same
arguments as Proposition 1.3.121.3.12. □

1.5 The fundamental theorem of Vassiliev invariants

In Section 1.21.2, we gave the fundamental theorem of Vassiliev invariants. The point of this
theorem is that it establishes a particular relationship between the algebras of the previous two
sections, K and A (or equivalently, betweenW and V). Admittedly, in the form of Theorem
1.2.171.2.17, it’s not a-priori obvious why this is the case. Here we give a restatement of the theorem
which makes the relationship explicit.

Definition 1.5.1 The associated graded bialgebra of a filtered bialgebra A is the bialgebra
grA formed by the direct sum of the succesive quotients of the filtered components of A. For
a bialgebra with a descending filtration we have

grA =
∞⊕
m=0

Am/Am+1

and for a bialgebra with an ascending filtration we have

grA =
∞⊕
m=0

Am/Am−1
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where A−1 = {0}.
The operations on grA are those induced from the operations on A. For example, on a

bialgebrawith a descending filtration, if multiplicationµ : Am⊗An → Am+n sends a⊗b 7→ ab,
then the induced operation is

grµ : Am/Am+1 ⊗ An/An+1 −→ Am+n/Am+n+1

a+ Am+1 ⊗ b+ An+1 7−→ ab+ Am+n+1.

For the comultiplication ∆ that sends a 7→
⊕
i+j=m

a′i ⊗ a′′i the induced operation is

gr∆ : Am/Am+1 −→
⊕
i+j=m

Ai/Ai+1 ⊗ Aj/Aj+1

a+ Am+1 7−→
⊕
i+j=m

a′i + Ai+1 ⊗ a′′i + Aj+1.

Theorem 1.5.2 (Fundamental theorem) The algebra of weight systems is isomorphic to the
associated graded algebra of the algebra of Vassiliev invariants. That is we haveW ∼= grV , or
on the level of graded components

∞⊕
m=0

Wm
∼=

∞⊕
m=0

Vm/Vm−1.

Equivalently, this can be stated in the dual setting as follows. The algebra of chord diagrams
is isomorphic to the associated graded algebra of the algebra of knots. That is we haveA ∼= grK,
or on the level of graded components

∞⊕
m=0

Am ∼=
∞⊕
m=0

Km/Km+1.

The equivalence of Theorem 1.5.21.5.2 with Theorem 1.2.171.2.17 will be proven at the end of this
section.

We can break the fundamental theorem up into two parts based on the direction of the
map in Theorem 1.5.21.5.2. The two maps being inverses gives the isomorphism. Historically one
of the directions was shown first, by Vassiliev [Vas90Vas90; Vas92Vas92], and then later the direction due
to Kontsevich [Kon93Kon93], proving the theorem.

Vassiliev Every Vassiliev invariant modulo
Vassiliev invariants of lower or-
der gives a Weight system.

Vm/Vm−1 →Wm

Every chord diagram gives an el-
ement of Km modulo Km+1.

Am → Km/Km+1

Kontsevich Every weight system gives a Vas-
siliev invariant modulo Vassiliev
invariants of lower order.

Wm → Vm/Vm−1

and this is inverse to the above.

Every equivalence class of Km
modulo Km+1 gives a chord dia-
gram.

Km/Km+1 → Am.

and this is inverse to the above.
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We discuss and prove the direction due to Vassiliev, then return to the direction of Kont-
sevich. The point of the Vassiliev direction is that the relations in A are compatible with the
relations of Kn/Kn+1. Indeed, A was constructed in this way in Section 1.21.2, and the proof
doesn’t involve anything technical.

Proof of Theorem 1.5.21.5.2 (Vassiliev) The aim is to define a map Am → Km/Km+1. Let us
start with a mapDm → Km/Km+1. Given d ∈ Dm, take a singular knot k• ∈ K•

m whose chord
diagram is d. Then, d is sent to [∂m(k•)] ∈ Km/Km+1.

This is well-defined: any other ℓ• with chord diagram d also resolves to [∂m(k•)]. Indeed,
any twom-singular knots with the same chord diagram differ by some crossing changes. But
if k• and ℓ• differ by a crossing change, then ∂m(k•) and ∂m(ℓ•) differ by an element ofKm+1,
so [∂m(k•)] = [∂m(ℓ•)] in the quotient. This argument that any k• ∈ K•

m can be chosen to
represent [∂m(k•)] as long as it has chord diagram d will be used again below, and we refer to
it as the crossing-change argument.

Recalling thatAm = Dm/4T4T (andA′
m = Dm/1T1T, 4T4T), we need to show that themap factors

through the quotient. Indeed, 4T4T is in the kernel. A combination of chord diagrams appearing
in a 4T4T relation is sent to a combination of singular knots. By the crossing-change argument
these can all be chosen to be identical except near a small region, where the have the form

− − + .

Resolving around these four terms about the singular point that they don’t have in common
yields eight terms which cancel out in pairs.

We also include the proof that 1T1T is in the kernel of the unframed version of this map.
A type 1T1T chord diagram is sent to an unframed singular knot with a singular point that is
passed through twice in a row when the unframed knot is traversed. The resolution of that
singular point can be chosen to be a difference of two unframed (m − 1)-singular knots that
are singular isotopic by the crossing change argument. For example,

δ


 = −

= 0.

The isomorphism respects the algebra structure as a1♯a2 is sent to [ka1♯a2 ] ∈ Km+n/Km+n+1

which comes from the resolution of some singular knot we shall denote k•a1♯a2 with chord di-
agram a1 ♯ a2. Likewise a1 and a2 map to [ka1 ] and [ka2 ] which are resolutions of singular
knots k•a1 and k

•
a2
. The induced operation from the connected sum Km/Km+1 ⊗Kn/Kn+1 →

Km+n/Km+n+1 takes these to [ka1 ♯ ka2 ], which comes from the resolution of k•a1 ♯ k
•
a2
. These

singular knots may not be the same a priori, but they have the same chord diagram, so by
the crossing-change argument they can be chosen to be the same without loss of generality.
Hence resolving then projecting into Km+n/Km+n+1 gives the same equivalence class.

Using similar arguments as in the formula of Willerton’s Lemma, the isomorphism can be
shown to respect the bialgebra structure.

The dual version of the statement follows from the regular version. □
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We also give a more illustrative direct proof of the dual theorem later.
Let’s turn to the other part of the fundamental theorem, due to Maxim Kontsevich (which

is muchmore involved). In [Kon93Kon93], Konsevich constructed an integral invariant which proves
the fundamental theorem, as well as containing the information of all Vassiliev invariants at
the same time. We will not give a detailed exposition of Kontsevich’s invariant here, such
treatments are abundant in the literature, for example [BS97BS97; CD05CD05; CDM12CDM12]. Rather, we will
boil the Kontsevich integral down to the single universal property of Definition 1.5.41.5.4.

Definition 1.5.3 The completion of a descending-filtered algebra A is the descending-
filtered algebra

Â = lim←−
m→∞

A/Am+1.

This is the inverse system

0 = A/A0 A/A1 A/A2 · · ·

whose mth filtered component is the set of sequences that vanish in A/Am+1 (and by the
properties of inverse systems, all terms thereafter).

If A is graded, then it is also filtered with the natural descending filtration
∞⊕
i=0

Ai ⊇
∞⊕
i=1

Ai ⊇ · · · .

The degree completion of a graded algebra A is a descending-filtered algebra that coincides
with the completion Â taken with respect to the natural descending filtration on A.

Definition 1.5.4 A universal Vassiliev invariant is a knot invariant Z : K → Â with the
following property. If k ∈ Km is a linear combination of knots with k = ∂m(k•) and k• has
chord diagram a ∈ Am, then

Z(k) = a+ higher degree terms.

Phrased in terms of σ and ∂ this reads

Z(∂m(k•)) = σ(k•) + higher degree terms.

Remark 1.5.5 An equivalent, and more categorically motivated way of defining a universal
Vassiliev invariant is as follows. If f is a descending-filtration-respectingmap f : A→ B, then
define the associated graded map gr f : ĝrA→ ĝrB that sends am+Am+1 7→ f(am)+Bm+1

and extends linearly to the completion. In other words, gr f is a graded map coming from the
filtered map f that forgets information about higher degrees.

A universal Vassiliev invariant is a map Z : K → X̂ where X is some graded bialgebra
such that the associated graded map grZ : ĝrK → ĝrX is an isomorphism.

The two definitions are equivalent as a consequence of the fundamental theorem (1.2.171.2.17)
that A ∼= grK . Indeed then the definition of this remark implies the Definition 1.5.41.5.4: if
grZ : ĝrK → ĝrX is an isomorphism and X is graded, then grX = X , so grZ is an
isomorphism ĝrK → X̂ . Applying the fundamental theorem to the domain, we have an
isomorphism Â ∼= X̂ so Definition 1.5.41.5.4 holds. Conversely, the associated graded of the map
Z in Definition 1.5.41.5.4 is the map grZ : ĝrK → ĝrA taking [∂m(k•)] 7→ [σ(k•)]. Proving that
this is an isomorphism amounts to proving the fundamental theorem, which we do below.
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Theorem 1.5.6 (Kontsevich integral) There exists a universal Vassiliev invariant, Z(k); it
is called the Kontsevich integral.

Proof of Theorem 1.5.21.5.2 (Kontsevich) Take the map k ∈ Km → Am coming from killing
the higher degree terms in the Kontsevich integral, and taking the lowest order non-zero chord
diagram. This factors through the quotient to a mapKm/Km+1 → Am since by Theorem 1.5.61.5.6
any additional k′ ∈ Km+1 contributes only higher degree terms (which get killed). It is easy
to see that the two maps are inverses. □

Again, it is worth looking at the proof in the dual setting as well.

Lemma 1.5.7 Post-composing the Kontsevich integral with a weight system of orderm via

k 7−→W ◦ Z(k)

gives a Vassiliev invariant of orderm.

Warning 1.5.8 More precisely, this is the following composition

K Z−→ Â πm−→ Am
W−→ Q

but we will drop the map πm from the notation. In other words, implicit in our notation is the
notion that a weight system of orderm does not see chord diagrams of order other thanm.

Proof The map W ◦ Z is clearly an invariant, since Z is an invariant. By the universal
property of Z , if k ∈ Km+1, so then k = ∂(k•) for some k• in K•

m+1 and

Z(k) = σ(k•) +
terms of

order ≥ (m+ 2)
.

Now, Z(k) is zero in degrees up to and including m, so composing with a weight system of
degreem gives zero. □

Proof of Theorem 1.5.21.5.2 (dual) The map Wm → Vm defined by Lemma 1.5.71.5.7 is injective,
as only the zero weight system gives the zero invariant.

However, it is not surjective: the mapWm → Vm, written as

Wm
Z∗
−→ Vm/Vm−1 ⊕ Vm−1

W −→ W ◦ Z

forces a choice of Vassiliev invariant in Vm−1. Being as explicit as possible, let

Ω(k) =

{
(W ◦ Z)(k) k ∈ Km
0 k ∈ K<m

and Θ(k) =

{
0 k ∈ Km
(W ◦ Z)(k) k ∈ K<m

.

The case k ∈ K>m needn’t be considered because W ◦ Z is Vassiliev. As such, we have
W ◦ Z = Ω + Θ. Observe that Ω recovers the weight systemW when k ∈ Km. Finally, Θ is
some Vassiliev invariant of orderm− 1 because it vanishes when k ∈ Km.

In essence, we have found that the cokernel of Z∗ is Vm−1, so we get the desired isomor-
phismWm

∼= Vm/Vm−1. □
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A natural question arises — what is the summand Θ? Fixing n < m and a knot k ∈ Kn
with chord diagram ak, k has Kontsevich integral

Z(k) = ak +
terms of

order (n+ 1)
+ · · ·+ terms of

orderm
+ · · · .

Applying the projection πm, all that remains are some chord diagrams of orderm, with coef-
ficients depending on the intricacies of the Kontsevich integral for that particular knot. Com-
posingwith the weight system, this is aQ-valued Vassiliev invariant of orderm−1 determined
by choice ofW and the structure of Z .

Calling the Kontsevich integral and invariants of its kind is indeed justified: every Vassiliev
invariant can be obtained through the Kontsevich integral.

Theorem 1.5.9 If Z is a universal Vassiliev invariant, then every Vassiliev invariant factors
through Z .

Proof Let V ∈ Vm. Following the proof above, we can project V to Vm/Vm−1 to get a weight
systemWm. SubtractingWm ◦ Z leaves a Vassiliev invariant of lesser degree. In other words,
we have the isomorphism

Vm ∼= Vm/Vm−1 ⊕ Vm−1/Vm−2 ⊕ · · · ⊕ V1/V0 ⊕ V0
∼=Wm ⊕Wm−1 ⊕ · · · ⊕W1 ⊕W0

and via this isomorphism, V can be written as a sequence of weight systems of degree from 0
tom. Since eachWm factors through Z , so does V :

V =
m∑
i=0

(Wm ◦ Z) =

(
m⊕
i=0

Wm

)
◦ Z.

□

Corollary 1.5.10 A universal Vassiliev invariant (in particular, the Kontsevich integral Z) is
exactly as strong as the set of Vassiliev invariants.

As we have seen in the proof of Theorem 1.5.91.5.9, taking the projection Vm → Vm/Vm−1
∼=

Wm yields a weight system, but loses the additional information of a Vassiliev invariant of
orderm− 1.

Definition 1.5.11 The canonical Vassiliev invariants are those Vassiliev invariants
whose weight systemsW recover them completely viaW ◦ Z .

In other words, not all bases of Vm are created equal. The canonical Vassiliev invariants
are those that are homogenous with respect to the splitting of Vm

Vm/Vm−1 ⊕ Vm−1/Vm−2 ⊕ · · · ⊕ V1/V0 ⊕ V0

of Vm induced by the Kontsevich integral. Canonical Vassiliev invariants were first defined in
[BG96BG96] and used to prove the Melvin-Morton-Rozansky conjecture relating the coefficients of
the Alexander polynomial to those of the coloured Jones polynomials. This is one example of
how the theory of Vassiliev invariants is useful for probing the structure of knots.
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Remark 1.5.12 ([BG96BG96]) There are a few known from-the-bottom-up constructions of uni-
versal Vassiliev invariants of knots. However they are all equivalent to (or conjecturally equiv-
alent to) the Kontsevich integral. Yet the Kontsevich integral is not the only invariant that can
satisfy the defining degree property of a universal Vassiliev invariant.

Is there a reason why the Kontsevich integral, or equivalently, this splitting appears to be
canonical?

Finally, we return to the equivalence of the two fundamental theorems.

Proof (Equivalence of Theorems 1.2.171.2.17 and 1.5.21.5.2) For the forward direction, suppose
Theorem 1.2.171.2.17 holds: if v• is an invariant of m-singular knots satisfying T4T∗T4T∗ and further
that δv• = 0, then v• integrates to an invariant v of 0-singular knots.

First we prove that the Kontsevich part of the fundamental theorem holds. Let W be a
weight system of orderm. ThenW defines an invariant v•W ofm-singular knots by

v•W (k) = W (σ(k)).

We wish to apply Theorem 1.2.171.2.17 to v•W , so let us check the hypotheses. Firstly, we check that
the derivative of v•W is zero. Indeed

δv•W (k) = W (σ(k+))−W (σ(k−))

for some knots k+ and k− that differ by crossing changes. But σ is invariant under crossing
changes, hence δv•W = 0. For the second hypothesis we check that v•W satisfies T4T∗T4T∗. Now,W
is a weight system so it satisfies 4T∗4T∗, and therefore v•W satisfies T4T∗T4T∗. As such, both hypotheses
of Theorem 1.2.171.2.17 hold and v•W integrates into a Vassiliev invariant. The Vassiliev part of the
theorem is independent of the original version and was proven separately in Section 1.21.2.

Now for the reverse direction, suppose Theorem 1.5.21.5.2 holds: Wm
∼= V/Vm−1. Take an

m-singular knot invariant v• satisfying 4T∗4T∗ and δv• = 0. This defines a weight system Wv• ,
which by the Kontsevich part of Theorem 1.5.21.5.2 gives an invariant class in Vm/Vm−1. Explicitly,
this invariant isWv• ◦ Z . But by definition of δ,

δm(Wv• ◦ Z)(k•) = (Wv• ◦ Z)(∂mk•)

which by the definition of a universal Vassiliev invariant is just v•. Thus,Wv• ◦ Z is the mth
derivative of v•, so v• integrates into a Vassiliev invariant of orderm, completing the proof.

Without loss of generality, the proof works also in the unframed case. □



2
Lie theory and Jacobi diagrams

The fundamental theorem of Vassiliev invariants states that the bialgebra of Vassiliev in-
variants can be broken up into “nice” combinatorial weight systems. So to understand V

it suffices to understandW (or equivalently its dual A).
As we will see in this chapter, the structures ofW and A are closely related to Lie theory:

from anymetric Lie algebra, there is construction that associates to it a weight system. This by
itself is not enough to produce all weight systems — to do so needs the construction must be
extended to a generalised notion of metric Lie algebras. Themetric Lie algebras are generalised
to metric Lie algebra objects in an arbitrary symmetric monoidal category to account for the
possibility of nontrivial symmetry natural isomorphisms in the symmetric monoidal category,
and thereby every weight system can be obtainted.

An operadic framework is introduced to prove this fact, and metric Lie algebra objects are
replaced by the restricted notion of Casimir Lie algebra objects for technical reasons.

2.1 Jacobi diagrams

To see the Lie theory connections, we see that A is isomorphic as a bialgebra of Jacobi dia-
grams, whose elements are represented by graphs with one- and three-valent vertices.

Definition 2.1.1 A unitrivalent diagram is a unitrivalent graph (with loops and multiple
edges allowed) with the following additional data:

• each trivalent vertex has a fixed cyclic order of incident edge-connections,
• the set of univalent vertices has a fixed cyclic order.

The vector space of unitrivalent diagrams is denoted T .

Warning 2.1.2 When drawing unitrivalent diagrams, there are two notational conventions
we use. Firstly, the fixed cyclic order of the univalent edges is specified by drawing them con-
nected to a circle (where the cyclic order corresponds to traversing the circle anticlockwise).
Like for chord diagrams, this circle is called the skeleton. Secondly, the trivalent vertices are
assumed to have the cyclic order corresponding to traversing anticlockwise around the ver-
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tex. It is always possible to draw them this way because planarity is not a concern of abstract
graphs.

In particular, all chord diagrams are unitrivalent diagramswith only univalent vertices (the
chord ends). Further examples of unitrivalent diagrams would be

, ∈ T .

Definition 2.1.3 An STU relation is a relation of the form

= − . (STU)

Here the bottom line, drawn thicker and curved must be a part of the skeleton.

As usual, this is not an individual relation but a class of relations, true in any diagrams that
are identical except for the parts shown.

Definition 2.1.4 The vector space of Jacobi diagrams is the space J = T /STUSTU.

Note that the for the chord diagrams inside the algebra of Jacobi diagrams, the STUSTU relations
imply the 4T4T relations, as

− = = − .

From this, already the vector spaces of chord diagrams and Jacobi diagrams are isomorphic.

Proposition 2.1.5 There is a vector space isomorphism J ∼= A.

Proof (sketch) There is an obvious inclusionA → J as every chord diagram is in particular
unitrivalent, and this is well defined since the relations in J (generated by STUSTU) imply the
relations in A (generated by 4T4T).

The inverse map J → A is given by applying STUSTU to skeleton-adjacent trivalent ver-
tices until a chord diagram is obtained. In C this is multivalued, as different orders of STUSTU, or
different choice of base-vertex can lead to different combinations of chord diagrams (in the
4T4T-lifted sense). However modulo 4T4T, all of the results are equivalent. A full proof is detailed
in [CDM12CDM12, Theorem 5.3.1]. □

As such, A and J are just a change of basis away from each other, allowing the following
definition.

Definition 2.1.6 The algebra of Jacobi diagrams is the vector space J , with the product
♯ extended from the basis of chord diagrams A.

This is well-defined: the proof of Proposition 1.3.41.3.4 showed that the product ♯ being well-
defined on A was a consequence of the 4T4T relations, which are implied by the STUSTU relations.
As such the STUSTU relations suffice to determine the structure of J , but the following auxilliary
relations which can be deduced from STUSTU make the relations to Lie algebras more apparent.
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Proposition 2.1.7 The following relations are consequences of the STUSTU relation in J :
(a) The AS relation (antisymmetry relation)

= − (AS)

(b) The IHX relation

= − (IHX)

Proof (a) Take two diagramswhich differ only by ASAS at one (trivalent) vertex. If the vertex
at which the ASAS relation resides is adjacent to a univalent vertex (i.e. is adjacent to the
skeleon), then this is immediate from applying STUSTU to both diagrams at that vertex:

= − = − .

If the vertex is not immediately adjacent to a univalent vertex, then it has some d triva-
lent vertices ‘in the way’. By applying STUSTU to those vertices yields a sum of 2d diagrams,
all identical except for differing by ASAS, now on a vertex adjacent to a univalent vertex.

(b) A similar argument applies. We give a sketch. If one of the two vertices of the IHXIHX is
adjacent to the skeleton, then the result is a direct consequence of an STUSTU on each of
the vertices in each of the diagrams in the IHXIHX, followed by a few applications of ASAS
(computing the twelve diagrams from applying two STUSTUs to the three diagrams in an
IHXIHX verifies this; the computation is given in [CDM12CDM12, Lem. 5.2.6]). Otherwise, there
is a path of trivalent vertices in the way, and some STUSTUs yield a sum of 2d diagrams in
which at least one of the two vertices involved in the IHXIHX is adjacent to the skeleton,
and so the argument above applies. □

Proposition 2.1.8 (Generalised IHXIHX) The following holds in J for any subgraph consisting
of trivalent vertices that can be inserted into the grey box.

m∑
i=0

0

i ...
m

=
n∑
i=0

0

i

n

...

The result is standard — see for example Chapter 5.2 of [CDM12CDM12] for a proof. A corollary
is the following result about linear Jacobi diagrams which we now define and which will be
important later.

Definition 2.1.9 A linear Jacobi diagram is similar to a Jacobi diagram, except that the
unitrivalent vertices of its underlying unitrivalent diagram are linearly ordered rather than
cyclically. In terms of pictures, this is to say the skeleton is a line rather than a circle. The
equivalences are again generated by STUSTU relations but on the linear skeleton rather than on
the circular skeleton.
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Proposition 2.1.10 If the univalent vertices of a Jacobi diagram are ordered linearly rather
than cyclically, all linear orders that respect a given cyclic order are equivalent.

Proof Let us draw the linearly ordered Jacobi diagrams on a line rather than a circle and let
the univalent edge ordering be given by the order on the line. It suffices to prove that we can
move the univalent vertex in the first place to the last place via the relations in A. Let us call
this first univalent vertex of the original diagram the marked vertex, as its position will later
change when relations are applied. We will mark it with a star.

By STUSTU, the original diagram is equal to the diagram with the marked vertex moved into
the second place, plus a diagram in which the marked vertex is now a trivalent vertex and
attached above what was the second (but is now the first) univalent vertex:

= + .

Repeatedly applying STUSTU to move the marked vertex until reaches the last place, we get

= + Θ

whereΘ is a sum of terms with the marked vertex now a trivalent vertex attached above each
of the other univalent vertices. It suffices to show that Θ vanishes.

We can group up the terms ofΘ based onwhich connected component of the original linear
diagram the marked vertex now connects to. Collecting the terms where the marked vertex
now connects to a specific connected component of the original diagram, apply a vertical
version of the generalised IHXIHX relation (Proposition 2.1.82.1.8), to those terms. This is an IHXIHX in
which the grey box in Proposition 2.1.82.1.8 is around the whole connected component, except for
where the univalent vertices connect to the skeleton. As such, this is the case of the generalised
IHXIHX in which n = 0, for example:

∑
= 0.

This leaves only the terms where the marked vertex has reconnected to its own connected
component. The sum of such terms also vanishes: by a generalised IHXIHX relation, we have

∑
= .

But any diagram with a “balloon” vanishes, as applying the ASAS relation to the vertex on the
balloon, it is equal to its negative.

Hence Θ = 0, completing the proof. □

We have already spoiled the surprise that A and J are isomorphic as bialgebras. This is
clearly true as J is just a change of basis fromA. SinceA spans J , we can attempt to lift the
coproduct from A directly onto J .
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Proposition 2.1.11 The coproduct ∆ on J ∈ J defined by taking a Jacobi diagram, repre-
senting it as a chord diagram via STUSTU, taking the coproduct in A, then interpreting the result as
a Jacobi diagram via the inclusion of A into J is given by the formula

∆(J) =
∑
C⊂S

JC ⊗ JC

where S is the set of connected components of J , and C = S ∖ C .

Proof Note that this has the same symbolic form as the coproduct in A given in Defini-
tion 1.4.61.4.6, but with chords replaced by connected components of Jacobi diagrams. However,
when working in A ⊂ J there are only univalent vertices, so the connected components are
exactly the chords. Since A forms a basis for J and the formula is linear, it extends to all of
J . □

Corollary 2.1.12 The primitive elements P(A) are the connected Jacobi diagrams.

Corollary 2.1.13 The bialgebras A and J are isomorphic.

Warning 2.1.14 Justified by this isomorphism, we henceforth write A for both chord dia-
grams and Jacobi diagrams.

2.2 Lie algebra weight systems

Similar diagrammatic relations to STUSTU, ASAS and IHXIHX satisfied in A appear also in the context of
a graphical notation for multilinear maps, a fact which can be exploited to probe A. Before
seeing how, let us review this graphical notation following [Thu00Thu00; RW06RW06]. The diagrammatic
calculus is well-known but it goes by many names including string diagram calculus, Penrose
calculus, tensor calculus, diagrammatic calculus. We call them string diagrams.
Definition 2.2.1 A tensor is a multilinear mapX1×X2× · · · ×Xn → Y1× Y2× · · · × Ym
for some vector spaces X1, . . . , Xn and Y1, . . . , Ym.

The data n,m ∈ N and the spaces Xi and Yj for 0 ≤ i ≤ n and 0 ≤ j ≤ m is known as
the signature of the tensor.

Proposition 2.2.2 The vector space of tensors with a given signature

X1 × · · · ×Xn −→ Y1 × · · · × Ym
where each Xi and Yj are finite-dimensional vector spaces is naturally isomorphic as a vector
space to the space X∗

1 ⊗ · · · ⊗X∗
n ⊗ Y1 ⊗ · · · ⊗ Ym.

Proof Fix a vector space V . The natural isomorphism is a composition of the following three
natural isomorphisms.

Firstly, the universal property of the tensor product gives a natural isomorphism between
the space of multilinear maps of the form X1 × · · · ×Xn → V , and the space of linear maps
of the form X1 ⊗ · · · ⊗Xn → V .

Secondly, from the tensor-hom adjunction we get a natural isomorphism between maps of
the formW → V and the space V ⊗W ∗.

Finally, for finite-dimensional vector spaces there is a natural isomorphism (V1⊗· · ·⊗Vm)∗
to V ∗

1 ⊗ · · · ⊗ V ∗
m.

Composing the first two natural isomorphisms with V = Y1 ⊗ · · · ⊗ Ym, then the final
with Vi = Yi completes the proof. □
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Definition 2.2.3 ([JS91JS91]) A vertical planar graph from a to b is a finite topological graph
embedded in R × [a, b], where vertices in R × {b} (resp. R × {a}) are considered incoming
(resp. outgoing) outer nodes, and connect to exactly one edge of the graph.

A vertical planar graph is progressive if the vertical projection is injective for every edge.
In this case every edge can be oriented from top to bottom, and has a well-defined input vertex
(at the top) and output vertex (at the bottom). A labelled progressive vertical planar graph is a
progressive vertical planar graph equipped with a function on the set of vertices (resp. edges)
to the generating objects (resp. generating morphisms) of some monoidal category such that
the labels of the input and output vertices of an edge agree with the domain and codomain of
the associated generating morphism.

A progressive deformation of labelled progressive vertical planar graphs is a family of
vertical progressive planar graphs Γt indexed by a parameter t ∈ [0, 1], which is continuous
as a map Γ × [0, 1] → R × [a, b], and where all vertices that are inner at some time t ∈ [0, 1]
stay inner vertices for all t ∈ [0, 1].

A string diagram is an equivalence class of labelled progressive vertical planar graphs
under progressive deformation. That is, two labelled vertical progressive planar graphs are
equivalent as string diagrams if there exists a progressive deformation between them.

For our purposes, string diagrams constitute a graphical calculus for the operations of
partial composition and tensor product in monoidal categories. A tensor of signature X∗

1 ⊗
· · · ⊗ X∗

n ⊗ Y1 ⊗ · · · ⊗ Y ∗
m is represented by a string diagram consisting of a vertex, labelled

by the tensor, with n incoming edges, labelled by the domain spaces and m outgoing edges,
labelled by the codomain spaces. We read these diagrams top-to-bottom, so domain edges
come from above, and codomain arrows from below.

The operation of partial composition of tensors corresponds to composing two string di-
agrams via vertically concatenating domain and codomain edge whose labellings agree. The
tensor product of two tensors (as multilinear functions) corresponds to the string diagram
formed by horizontal concatenation of two string diagrams. The use of string diagrams is
that progressive deformation of string diagrams correspond to equivalent ways of performing
iterated partial compositions and tensor products.

For example, the bracket in a Lie algebra g is tensor [·, ·] of signature g∗⊗g∗⊗g expressed
via the string diagram

g g

g

[·,·] or

where we drop the vertex labels, which can be read from context. It will be obvious from each
string diagram what tensor it represents, so we drop the edge labels.

Such a notation is useful because composition of tensors can be expressed graphically
by connecting outgoing and incoming legs with the same decoration. In particular rela-
tions can therefore be expressed graphically. For example, the antisymmetry of the bracket
[y, x] = −[x, y] becomes

= − , and

where here the new type of vertex on the left hand side of signature g⊗g→ g⊗g represents the
swap map σ : x⊗y 7→ y⊗x. Similarly, the Jacobi relation [[x, y], z]+[[y, z], x]+[[z, x], y] = 0
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becomes

+ + = 0.

Looking at these relations in the tensor algebra T (g), a hint at the Lie-theoretic structure
emerges. The antisymmetry of the bracket, (drawn as a string diagram) looks like a directed
version of ASAS. Similarly the string diagrammmatic Jacobi relation can be arranged into a di-
rected version of IHXIHX.

Definition 2.2.4 A Lie algebra is metric if it has an ad-invariant, nondegenerate, bilinear
form. That is a bilinear form ⟨·, ·⟩ such that for all x, y, z ∈ g, ⟨[x, y], z⟩ = ⟨x, [y, z]⟩. If g is
metric, we call its bilinear form a metric.

Now suppose g is a metric Lie algebra. Its metric ⟨·, ·⟩ ∈ g∗ ⊗ g∗ is nondegenerate so
it always has an adjoint element c ∈ g ⊗ g. This element is known as the Casimir element
associated to g (or simply the Casimir). These two tensors, the metric and the Casimir can be
diagrammatically represented as additional bivalent vertices

and , or dropping the vertices and .

Moreover, the invariance of the metric, ⟨[x, y], z⟩ = ⟨[y, z], x⟩ can be represented graphi-
cally as cyclic invariance of the tensor ⟨[x, y], z⟩:

= = .

Since the Casimir element is adjoint to the metric, the invariance of the metric should also be
reflected in a property of the Casimir.

Proposition 2.2.5 Let c =
∑

i ci1 ⊗ ci2 be the Casimir element of a metric Lie algebra. Then
for x ∈ g, it obeys the relation∑

i

ci1 ⊗ [ci2, x] =
∑
i

[x, ci1]⊗ ci2

Diagramatically, we have

=

Proof Applying the invariance of the metric ⟨[x, y], z⟩ = ⟨x, [y, z]⟩ to the expression∑
i,j⟨[ci2, x], cj1⟩ci1 ⊗ cj2 gives∑

i,j

⟨[ci2, x], cj1⟩ci1 ⊗ cj2 =
∑
i,j

⟨ci2, [x, cj1]⟩ci1 ⊗ cj2.

Since the metric and the Casimir elements are adjoint, for all x ∈ g we have
∑

i ci1⟨ci2, x⟩ =
x =

∑
i ci2⟨x, ci1⟩. Applying this to the equality above yields∑

i

ci1 ⊗ [ci2, x] =
∑
j

[x, cj1]⊗ cj2

which is the desired result after a change of index. □
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From the diagrammatic interpretations of the antisymmetry and Jacobi relations above, we
see that the internal structure of Jacobi diagrams (internal meaning not near the skeleton) is
reflected in a metric Lie algebra. Let us try to find a similar reflection of the structure near the
skeleton. A representation ρ of g on a finite-dimensional vector space V can be written as a
tensor ρ ∈ g∗ ⊗ V ∗ ⊗ V . This takes a new kind of input and output, namely a v ∈ V which
we denote by a thicker line, like the skeleton of a Jacobi diagram.

Corresponding to the maps

f ⊗ v 7−→ f(v) and 1 7−→
∑
i

ei ⊗ e∗i

we have diagrams
and .

That the action of ρ on V be a Lie action is the equation

ρ([x, y]) = ρ(x)ρ(y)− ρ(y)ρ(x)

which diagramatically corresponds to

= − .

Recall that once again the four-valent vertex in this string diagram corressponds to the swap
map σ : g⊗ g→ g⊗ g;x⊗ y 7→ y ⊗ x.

The following construction of Bar-Natan is the focus of his seminal article [Bar95Bar95]. It uses
this diagrammatic calculus to produce weight systems from metric Lie algebras.

Construction 2.2.6 The construction takes a metric Lie algebra g, and produces a map
Wg : A → U(g) which is a U(g)-valued weight system. Given further a representation ρ of g
it produces a mapWg : A → k which is a k-valued weight system. That is, given g a metric
Lie algebra and J ∈ A, it produces an element of U(g), and if also given a representation
ρ it produces a scalar. We write v and u for the number of trivalent and univalent vertices
respectively of J .

To each trivalent vertex of J , associate a copy of the tensor [·, ·] ∈ g∗⊗g∗⊗g (see Warning
2.2.72.2.7). For each edge between trivalent vertices, contract the corresponding tensors along
the components corresponding to those half-edges. Where the signature of the components
doesn’t allow for contraction (when both components are covariant or both are contravariant,
i.e. when there are two inputs or two outputs), contract one of them first with either the metric
or the Casimir (whichever is allowed by its variance). The resulting tensor has u components
(they may be co- or contra-variant).

Contract this tensor with a copy of the Casimir along all remaining covariant components.
We define the result to be the tensor Tg(J) ∈ g⊗u. The linear order of its components must be
a linear order that agrees with the cyclic order of the corresponding univalent vertices in J .
DefineWg(J) to be the projection of this tensor into U(g), namely

Wg(J) = [Tg(J)] ∈ U(g).
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Constructing the k-valued weight system from the representation is as follows. A rep-
resentation ρ : g → Hom(V ) of a Lie algebra extends uniquely to a representation of its
universal enveloping algebra ρ : U(g) → Hom(V ). Define Wg,ρ as the trace of Wg(J) with
respect to this representation,

Wg,ρ(J) = tr(ρ(Wg(J))) ∈ Q.

Warning 2.2.7 In Construction 2.2.62.2.6 when constructing Tg(m), the tensor factors in the
tensor corresponding to the bracket need to have the unusual cyclic order (y∗, x∗, [x, y]g).
This is because its projection into U(g) should obey STUSTU, and this is the cyclic order of the
trivalent vertex in STUSTU (it will become evident in the proof why we need this convention).

Example 2.2.8 Take the metric Lie algebra (sl2, ⟨·, ·⟩) where sl2 is defined by

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h,

and the metric is
⟨h, h⟩ = 2, ⟨e, f⟩ = 1, ⟨f, e⟩ = 1.

Adjoint to the metric is the Casimir element

c =
1

2
h∗ ⊗ h∗ + e∗ ⊗ f ∗ + f ∗ ⊗ e∗.

Here we have chosen the normalisation of the metric that agrees with the trace in the adjoint
representation, so

[·, ·] = 2e∗ ⊗ h∗ ⊗ e− 2f ∗ ⊗ h∗ ⊗ f + f ∗ ⊗ e∗ ⊗ h.

We do the computations for

J = .

Taking another copy [·, ·]′ of the bracket tensor, one way to computeWsl2 (J) is to let [·, ·] take
the left trivalent vertex, and associate the upward facing half-edge to the first component.
Let [·, ·]′ take the right trivalent vertex and associate the downward facing half-edge to the
first component — the cyclic orders determine the rest. Then the computation is to take the
contraction of [·, ·] along components 1 and 3 with [·, ·]′ along components 3 and 1. This gives

2h∗ ⊗ h∗ + e∗ ⊗ f ∗ + f ∗ ⊗ e∗,

and contracting along each component with a Casimir to make them contravariant yields

Tsl2 (J) =
1

2
h⊗ h+ e⊗ f + f ⊗ e.

Projecting this into U(g) and writing it in the PBW-basis, we have

Wsl2(J) =
1

2
h⊗ h− h+ 2e⊗ f.

Finally, if we use the adjoint representation ad, defined by

ad(h) =

[
1 0
0 −1

]
, ad(e) =

[
0 1
0 0

]
, ad(f) =

[
0 0
1 0

]
,

we get
Wsl2,ad(J) = 3. ♢
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Theorem 2.2.9 In Construction 2.2.62.2.6, Wg is a well-defined U(g)-valued weight system, and
Wg,ρ is a well-defined k-valued weight system.

Proof ([Bar95Bar95]) First we prove that the mapWg : D → U(g) descends to a map from A.
The map Tg : D → g⊗u is invariant under IHXIHX and ASAS. For ASAS, it follows from the anti-

symmetry of [·, ·], and for IHXIHX it follows from the Jacobi relation.
Furthermore, the map g⊗u → U(g) is invariant under STUSTU. For if two chord diagrams differ

by STUSTU, on some univalent vertices associated with adjacent tensor factors y and x, the two
sides of an STUSTU map to

· · · ⊗ [x, y]g ⊗ · · · and (· · · ⊗ x⊗ y ⊗ · · · )− (· · · ⊗ y ⊗ x⊗ · · · ),

but the equality of these expressions is exactly the defining relation of U(g). (Alternatively
the well-definiedness ofWg under ASAS and IHXIHX also follows from this, because those relations
are implied by STUSTU.)

There is one other arbitrary choice that was made in the construction. The cyclic order of
the univalent vertices of J induces a cyclic order on the components of the components of the
tensor Tg ∈ g⊗u. However, in the construction, a linear order which respects that cyclic order
was chosen. Wemust show that any choice of linear order respecting the cyclic order produces
the same result. This is no problem for the well-definedness ofWg,ρ(J) = tr(ρ(Wg(J))), as the
trace is invariant under cyclic permutation. However forWg(J) = [Tg(J)] ∈ U(g) it remains
to prove cyclic permutation invariance. In fact, a stronger statement is true. The diagram J
itself is invariant under a cyclic permutation by Proposition 2.1.102.1.10, so of course this is true for
Wg(J). □

Let’s look at a specific weight system for the Lie algebra sl2 [Bar95Bar95; CV97CV97].

Example 2.2.10 (Weight system for sl2) We use the metric Lie algebra from Example
2.2.82.2.8. In [CV97CV97], the following skein relation is derived:

Wsl2 = 2Wsl2 − 2Wsl2

♢

Proof Compute both sides like in Construction 2.2.62.2.6, but without projecting into U(g), leav-
ing the result in sl⊗4

2 . Both give

− h⊗ e⊗ h⊗ f + h⊗ e⊗ f ⊗ h− h⊗ f ⊗ h⊗ e+ h⊗ f ⊗ e⊗ h
+ e⊗ h⊗ h⊗ f − e⊗ h⊗ f ⊗ h+ 2e⊗ f ⊗ e⊗ f − 2e⊗ f ⊗ f ⊗ e
+ f ⊗ h⊗ h⊗ e− f ⊗ h⊗ e⊗ h− 2f ⊗ e⊗ e⊗ f + 2f ⊗ e⊗ f ⊗ e. □

Remark 2.2.11 When computing via the sl2 skein relation above, it’s possible to create a
“bubble” (part of a diagram without any trivalent vertices). Since we are computing via con-
tractions in the tensor algebra, this is to be interpreted as the contraction of the metric with
the Casimir. In a finite-dimensional Lie algebra, this is just the dimension (so for sl2, the factor
3). For example,

Wsl2 = 3Wsl2 .
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Remark 2.2.12 In [CDM12CDM12, Remark 16.9] it is noted that the sl2 skein relation is an analogue
of the vector triple product rule for the cross product in R3. The relation has been further
studied in [MS17MS17] to determine a basis forWsl2 . There is also a cross product in R7, related to
the exceptional Lie algebra g2 which obeys a variant of the vector triple product rule.

We note the following open questions: Is there a similar skein relation forWg2? Are there
other skein relations that the weight systems for the exceptional Lie algebras obey?

Construction 2.2.62.2.6 yields a way of extracting some information from A by plugging in a
metric Lie algebra – doing so constructs some quotient ofA. This leads to the natural question
of whether all of the information in A can be extracted by metric Lie algebras in the manner
of the construction.

A computer enumeration of [Bar95Bar95] proves this for orderm ≤ 9:

m 0 1 2 3 4 5 6 7 8 9

dimWm 1 1 2 3 6 10 19 33 60 104

dim(WLie)m 1 1 2 3 6 10 19 33 60 104

(hereWLie denotes the dimension of the subspace ofWm spanned by weight systems coming
from Construction 2.2.62.2.6). In other words

WLie = span{Wg,ρ | g a Lie algebra, ρ a representation of g}.

In [Bar95Bar95], this is computed up to degree 9 only using the span of sln and gln Lie algebras,
providing a lower bound on dim(WLie)m. The upper bound comes from dimAm. So in fact,
up to degree 9,Wm is spanned even by only the sln and gln weight systems.

Conjecture 2.2.13 (Bar-Natan) All weight systems are obtained as Lie algebra weight sys-
tems. In other words, the set {Wg,ρ | g a Lie algebra, ρ a representation of g} spansW .

Indeed, the Lie action relation ρ([x, y]) = ρ(x)ρ(y)−ρ(y)ρ(x) as it was drawn graphically
looks exactly like the STUSTU relation in A. However, looks turn out to be decieving and quite
surprisingly this conjecture is false. The counterexample was found by Pierre Vogel [Vog97Vog97]
in an attempt to answer the following related question:

Question 2.2.14 (Vogel) Is there some single universal Lie algebra object whoseweight sys-
tem spansWLie, the span of all Lie-algebraic weight systems?

2.3 Non-Lie algebraic weight systems

Conjecture 2.2.132.2.13 is false and the STUSTU relation describes more than just the relation ρ([x, y]) =
ρ(x)ρ(y)− ρ(y)ρ(x) for a representation ρ of a metric Lie algebra. This should be surprising
since the string diagrammatic version of ρ([x, y]) = ρ(x)ρ(y) − ρ(y)ρ(x) (just above Con-
struction 2.2.62.2.6) looks identical to the STUSTU relation.

The hidden assumption of ρ([x, y]) = ρ(x)ρ(y) − ρ(y)ρ(x) is that the isomorphism used
to rearrange the tensor factors is the swap map σ : x⊗ y 7→ y ⊗ x which needn’t be the case.

In fact, the construction of metric Lie algebra weight systems seen in 2.2.62.2.6 is just one
example of a more general construction introduced by Vogel and Vaintrob. Lie algebras, are
Lie algebra objects in the symmetric monoidal category of vector spaces, which happens to be
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a strict symmetric monoidal category, meaning the symmetry natural isomorphism is the swap
map σ. However the more general construction also works for non-strict symmetric monoidal
categories. To name an example that we will come back to in detail in Example 2.3.52.3.5 (b)(b), in
the category of super vector spaces, the Lie algebra objects are the Lie superalgebras, and the
symmetry isomorphism is not the swap map.

Remark 2.3.1 Themore general constructionwas originally developed byVaintrob as appli-
cable to a class of objects called “Lie S-algebras”. The more modern and categorical approach
we choose to follow in this section of Lie algebra objects in arbitrary symmetric monoidal
categories is due to [RW06RW06; Rob01Rob01]

Definition 2.3.2 A (weak)monoidal category is a category C equipped with a functor

⊗ : C × C −→ C
(A,B) 7−→ A⊗B,

a unit object k ∈ C, and natural isomorphisms

⊗ ◦ (⊗× id) −→ ⊗ ◦ (id×⊗), k ⊗ _ −→ id and _⊗ k −→ id

satisfying some relations known as the pentagon and triangle relations [Lei04Lei04, Sec. 1.2]. The
natural isomorphisms give isomorphisms

(A⊗B)⊗ C ∼= A⊗ (B ⊗ C), k ⊗ A ∼= A ∼= A⊗ k

for every tuple of objects A,B and C in C. If these isomorphisms are equalities, then C is a
strict monoidal category.

Remark 2.3.3 While we omit the details, we henceforth assume that these natural isomor-
phisms are equalities: (A⊗B)⊗C = A⊗(B⊗C). This is acceptable by theMacLane coherence
theorem for monoidal categories which says that every monoidal category is equivalent to a
strict monoidal category. This also justifies why we omit the pentagon and triangle relations
in the definition above. We refer the reader to [Lei04Lei04, Sec. 1.2] for details.

Definitions 2.3.4 (a) The flip functor is the functor

σ : C × C −→ C × C
(A,B) 7−→ (B,A).

(b) A symmetric monoidal category is a monoidal category C equipped with a symme-
try natural isomorphism

τ : ⊗ −→ ⊗ ◦ σ

satisfying the hexagon relation. The hexagon relation is the relation that the isomor-
phisms

τA,B : A⊗B
∼=−→ B ⊗ A

coming from the natural isomorphism τ obey

τA,B⊗C = (idB ⊗ τA,C) ◦ (τA,B ⊗ idC)

for every triple of objects A, and B in C.
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One might notice that the hexagon relation involves only three terms, rather than the six that
the name suggests. This is because we have omited the reassociation natural isomorphisms
that we assume are identities by Remark 2.3.32.3.3.

Examples 2.3.5 (a) LetVect be the category of vector spaces and linear transformations.
The symmetry natural isomorphism

τ : X × Y −→ Y ×X
x⊗ y 7−→ y ⊗ x.

givesVect the structure of a symmetric monoidal category.
(b) A super vector space is a Z/2Z-graded vector space V with the decomposition

V = V0 ⊕ V1.

The degree, |x| of a homogeneous element x ∈ V = V0 ⊕ V1 is |x| = i ∈ Z/2Z where
x ∈ Vi.

Let sVect denote the category of super vector spaces and degree preserving linear
transformations. Defining the symmetry natural isomorphism on homogeneous ele-
ments x, y ∈ V as

τ : X × Y −→ Y ×X
x⊗ y 7−→ (−1)|x||y|y ⊗ x.

gives sVect the structure of a symmetric monoidal category. ♢

An additive category, roughly, is one where there are direct sums of objects, and each hom
space is an abelian group, so and morphisms with like domain and codomain can be added.
A full definition is given in [KS06KS06, Sec. 8.2], and all our examples of symmetric monoidal
categories are additive, for example Vect and sVect. If (like in our examples) the monoidal
category C is additive and the functor ⊗ : C × C → C is bilinear, then Lie algebra objects
internal to C can be defined. These generalise Lie algebras in that they satisfy analogues of
the Jacobi and antisymmetry identities involving the symmetry natural isomorphism τ . Of
course, in the case C = Vect, τ is the trivial swap isomorphism, so the Lie algebra objects
satisfy exactly the Jacobi and antisymmetry relations and are exactly the Lie algebras.

Definitions 2.3.6 (a) A Lie algebra object in C is an object L equipped with a bracket
morphism β : C ⊗ C → C such that

(β ◦ (β ⊗ id)) ◦ (1 + τ123 + (τ123)
2) = 0 and β + β ◦ τ = 0.

Graphically (in terms of the string diagrams of the previous section), this corresponds
to

+

τ τ

+

τ τ

= 0, and

+

τ

= 0.

Here the trivalent vertex corresponds to the bracket morphism β.
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(b) A (right) module ρ over a Lie algebra object L in C is an object M with an action
morphism ρ :M ⊗ L→M , diagramatically denoted

such that
ρ ◦ (id⊗ β) = ρ ◦ (ρ⊗ id)− ρ ◦ (ρ⊗ id) ◦ (id⊗ τ).

Here the thick line denotes M and this type of trivalent vertex denotes ρ. As a string
diagram the equation becomes

= − τ .

Note that any right moduleM can be given a natural left-module structure by

ρ̄ = −ρ ◦ τ

justifying the diagrammatic rule

= − .

(c) Ametric Lie algebra object L in C is a Lie algebra object in C, further equipped with a
metric morphismm : L⊗L→ k and Casimir morphism c : k → L⊗L which abstract
the metric and Casimir of Lie algebras inVect by satisfying

(id⊗ c) ◦ (m⊗ id) = id = (c⊗ id) ◦ (id⊗m)

and
m = τ ◦m and c = c ◦ τ.

Diagramatically, these morphisms are

and .

(like before these morphisms allow us to drop arrows on the thin lines). The former pair
of relations is diagramatically

= =

and the latter pair is

= and = .
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(d) A symmetric monoidal category C is rigid if for every object A there exists an object
A∨ and a pair of morphisms ι : A∨ ⊗A→ k and ε : k → A⊗A∨ — respectively called
the evaluation and coevaluation — such that

(idA ⊗ ε) ◦ (ι⊗ idA) = idA

and
(ε⊗ idA∨) ◦ (idA∨ ⊗ ι) = idA∨

Diagramatically, these are

= and = .

An object in a monoidal category C is rigid if axioms above are satisfied just for that
object without the whole category needing to be rigid.

For a rigid monoidal category C, the dual of a (right) module may be turned into a (right)
module by asserting that the module action commutes with the evaluation and coevaluation
(that is evaluation and coevaluation are module maps). Diagramatically,

= .

We will give concrete examples of Lie algebra objects in different symmetric monoidal
categories later. For now, let’s show that this data can be used to construct weight systems,
generalising Construction 2.2.62.2.6.

Theorem 2.3.7 ([Vai94Vai94]) Let C be a rigid, additive, symmetric monoidal category, L a metric
Lie algebra in C, andM a rigid module (a rigid object in the monoidal category of right modules
over L). Here k denotes the monoidal unit of C. Then there is a weight system

WL,M : A −→ C(k, k).

If C is k-linear, then this is a k-valued weight system

WL,M : A −→ k.

The proof of this theorem is exactly the same as the proof of Construction 2.2.62.2.6, but con-
sidering everything in the generality of C rather thanVect. It is proved in [RW06RW06].

Recall, the difference between this construction and Construction 2.2.62.2.6 is the treatment
of the symmetry natural isomorphism τ which tells us what isomorphism to use when rear-
ranging the tensor factors. The most obvious isomorphism would be the identity (as it was
in the original construction) corresponding to when C is a strict symmetric (strict) monoidal
category. However not every symmetric monoidal category is equivalent to a strict symmetric
monoidal category, and algebra objects with non-trivial symmetry isomorphisms are evidently
necessary to pick up all the structure in A.
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Example 2.3.8 If we take C = sVect, the symmetric monoidal category of super vector
spaces, then the Lie algebra objects are exactly the Lie superalgebras which we now define.

A Lie superalgebra g is a vector space with aZ/2Z grading, equippedwith a bracket [·, ·] :
g⊗ g→ g satisfying two axioms. The super symmetry axiom is that for x, y homogeneous
elements of gi and gj respectively,

[x, y] = −(−1)ij[y, x].

The super Jacobi identity, that for homogeneous elements x, y and z in gi, gj and gk,

(−1)ik[x, [y, z]] + (−1)ji[y, [z, x]] + (−1)kj[z, [x, y]] = 0.

Note that these identities are simply the axioms in Definition 2.3.62.3.6 (a)(a), specialised to the cate-
gory C = sVect.

The grading induces the splitting g = g0⊕ g1, and the direct summand g0 is known as the
even part and the summand g1 is known as the odd part. ♢

Shortly after Conjecture 2.2.132.2.13 was made, the following results were achieved based on
constructionswith the exceptional Lie superalgebraD(2, 1;α) proving thatmetric Lie algebras
alone do not see all the structure of A.

Theorem 2.3.9 There are primitive Jacobi diagrams of order 17 [Vog97Vog97] and 15 [Lie99Lie99] on
which all Lie algebra weight systems vanish.

Indeed (and this was known about shortly after but not published until significantly later)
not even metric Lie superalgebras suffice.

Theorem 2.3.10 Vogel’s diagram of order 17 vanishes also on all Lie superalgebra weight sys-
tems [Vog11Vog11].

As such, we see that the Lie algebra objects in the category C = Vect and even the more
general category C = sVect do not suffice to pick up all the structure in A.

Corollary 2.3.11 The set of Lie (super)algebra weight systems does not spanW .

In general, it is still unknown what exact level of generality one needs (what type of sym-
metric monoidal categories need to be considered) in order to generate all weight systems,
leaving Question 2.2.142.2.14 an open question. We hereby provide a succinct review of the current
state of the literature on the subject.

Roberts and Willerton in [Rob01Rob01] and [RW06RW06] examine weight systems constructed from
Lie algebra objects in the derived category of chain complexes. Such weight systems are can-
didates for being able to detect knot orientation, which Lie algebra weight systems cannot
[Bar95Bar95]. However, computing these weight systems is difficult, and to our knowledge, no
computations exist in the literature.

More recently Aizawa-Kimura [AK25AK25] have conducted some preliminary investigations
into the class of colour Lie algebras (also known as ϵ-Lie algebras). This class generalises
the Z/2Z grading on Lie superalgebras to a more general group. However, the example they
present lies within the span of the sl2 and gl1|1 weight systems.
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2.4 Some weight systems at the exceptional Lie algebras

The original motivation for the work of Vogel [Vog97Vog97; Vog11Vog11] (seen more explicity in [Vog99Vog99])
was to construct a universal object generalising all simple Lie algebras. Such an object would
parametrise the relations in tensor powers of the adjoint representation of all simple Lie al-
gebras, and its weight systems would span W . For example, the relation for Wsl2 given in
Example 2.2.102.2.10 is entirely internal to the Lie algebra; it doesn’t involve projecting to the uni-
versal enveloping algebra or choosing a representation (since the adjoint representation is
canonical).

Recently, it seems there is renewed interest in Vogel’s methods [KLS25KLS25; BM25BM25; KMS25KMS25]. In-
particular, present implicitly in [Vog11Vog11] is a way to determine local relations internal to any
simple Lie algebra in terms of two independent “Vogel parameters”, and some complicated
marked elements of A defined recursively. These were written out explicitly in the appendix
of [KLS25KLS25], but the use of different normalisations of the Vogel parameters between this and
[Vog11Vog11]makes computing explicit relations tedious. Moreover, the relations in Vogel’s original
work, are general enough to hold for any Lie superalgebra but when restricting to Lie algebras,
the diagrammatic formulae can be simplified.

For example, let g2 be the usual exceptional Lie algebra. In [Vog11Vog11, Theorem 6.3(2)] Vogel
gives the relation

−6Wg2 − 12Wg2 + 18Wg2

+
7

4
Wg2 + 20Wg2 + 20Wg2 = 0

inWg2 . By some well-known identites internal to Jacobi diagrams, this relation can be simpli-
fied as follows.
Lemma 2.4.1 In A, the ‘trivalent-bubble’ vertex is proportional to the regular trivalent vertex
with a bivalent bubble inserted on any one of the half-edges.

=
1

2

Proof Apply IHXIHX to any pair of vertices, followed by three applications of ASAS.

= + = −

□

Lemma 2.4.2 In Lie algebraic weight systems, the bubble is proportional to the line.

Wg = λWg

where λ ∈ k is determined by the choice of metric.
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This is proven in [CDM12CDM12, Lem. 6.15] by analysing the bracket tensor.

Remark 2.4.3 It would be interesting to have a purely categotical proof that doesn’t refer
to any specific representation, and uses the fact that Lie algebras are Lie algebra objects in the
categoryVect.

Simplifying Vogel’s relation via these lemmas , gives the following relation. (We have used
the metric in which λ = 1/4, i.e. our metric is 4 times ⟨·, ·⟩K , the Killing form.)

−6Wg2 − 12Wg2 + 36Wg2

+ 7Wg2 + 20Wg2 − 20Wg2 = 0

This relation is true on a local level (like IHXIHX and ASAS rather than STUSTU). In-particular, it
remains true after rotating all terms a quarter rotation clockwise. This symmetry is not obvious
in the formula which suggests that perhaps the relation is a consequence of a similar, simpler
relation.

Theorem 2.4.4 For the Lie algebra g2, the weight systems obey

Wg2 =
2

3
Wg2 +

2

3
Wg2

+
5

6
Wg2 +

5

6
Wg2 +

5

6
Wg2 .

Proof Compute the tensors corresponding to both sides. □

This is an analogue of a relation for sl3 found by Yoshizumi and Kuga in [YK99YK99] which
was used recently by Yang in [Yan24Yan24] to compute the value of the sl3 weight systems on the
following infinite sequence of chord diagrams.

Definition 2.4.5 The ith bookshelf diagram, Bi, is the Jacobi diagram

···
1 2 3 i

In [Yan24Yan24], a third-order recursion relation for the values of the sl3 weight system on the
bookshelf diagrams is found. We use the same idea with the new relation of Theorem 2.4.42.4.4 to
compute their values under the g2 weight system.
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Theorem 2.4.6 The values of the bookshelf diagramBn are atmost quadratic in the (quadratic)
casimir element c of g2. In particular,

Wg2(Bi) = c2
(

1

14
4n +

27

112
(5/3)n +

11

16
(−1)n

)
+ c

(
2n +

8

3
(5/3)n − 11

8
(−1)n

)
.

Proof Applying Theorem 2.4.42.4.4 to the rightmost box on a bookshelf diagram gives

Wg2
···

1 2 3 i

=
2

3
Wg2

···
1 2 3 i−2

+
2

3
Wg2

···
1 2 3 i−1

+
5

6
Wg2

···
1 2 3 i−2

+
5

6
Wg2

···
1 2 3 i−2

+
5

6
Wg2

···
1 2 3 i−2

.

(2.4.62.4.6a)
Restricting ourselves to the final term of Equation 2.4.62.4.6a2.4.62.4.6a, an STUSTU relation gives

Wg2
···

1 2 3 i−2

= Wg2
···

1 2 3 i−2

+Wg2
···

1 2 3 i−2

.

Present here is a bookshelf diagram of order i − 2 (the second term), and an additional term
containing a bubble (the first term). Applying Lemma 2.4.12.4.1, we can remove the bubble from
the first term, but doing so leaves a diagram with another bubble. After i − 2 applications of
the lemma we have

Wg2
···

1 2 3 i−2

= 2i−2Wg2 = 2i−24c2.

where the final equality comes a tabulation of low order chord diagrams in some Lie algebra
representations in [CDM12CDM12, p. 181].

Now for the second-last term of Equation 2.4.62.4.6a2.4.62.4.6a. We apply Lemma 2.4.22.4.2 i−2 times, giving

Wg2
···

1 2 3 i−2

= 4i−2Wg2 = 4i−2c2.

All in all, Equation 2.4.62.4.6a2.4.62.4.6a simplifies to

Wg2
···

1 2 3 i

=
2

3
Wg2

···
1 2 3 i−1

+
5

3
Wg2

···
1 2 3 i−2

+
5

6
4i−2c2 +

11

6
2i−2c
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so that setting

gi = Wg2
···

1 2 3 i

yields the second-order non-homogeneous recursion relation

gi+2 =
2

3
gi+1 +

5

3
gi +

5

6
4ic2 +

11

6
2ic

for gi which was fourth-order homogeneous form

gi+4 −
20

3
gi+3 +

31

3
gi+2 +

14

3
gi+1 −

40

3
gi = 0.

To solve this we need the inital conditions g1, g2 and g3. The first two come from the same
tabulation in [CDM12CDM12, p. 181], whereas the third we must compute ourselves.

Computing in sagemath the tensor corresponding to the diagram

then projecting it to U(g2) gives the value, but expressed in the PBW basis rather than as a
polynomial in the Casimir, like the expressions we have for g1 and g2. By [CDM12CDM12, Theorem
6.1(3)], the value of any chord diagram under a Lie algebra weight system is a polynomial
in the Casimir element and the higher order Casimirs elements of g2. Since rank(g2) = 2,
there is only one higher order Casimir to consider, and it is of degree 6. Therefore since g3
is a degree 4 element of Z(g2), so it will be a polynomial in c of degree two or less, and the
higher order Casimir element doesn’t come into play. Evaluating ρ(g3)with ρ being the trivial
representation, the seven-dimensional standard representation, and the fourteen-dimensional
adjoint representation respectively gives the values

ρtr.(c) = 0 ρtr.(g3) = 0

ρst.(c) = 2 ρst.(g3) =
380

9

ρad.(c) = 4 ρad.(g3) =
1120

9
.

So by the Lagrange interpolation formula, we find that

g3 = 5c2 +
100

9
c.

Solving the recurrence relation with these inital conditions yields the formula

gi = c2
(

1

14
4i +

27

112
(5/3)i +

11

16
(−1)i

)
+ c

(
2i +

8

3
(5/3)i − 11

8
(−1)i

)
.

□

Remark 2.4.7 The result we used in the above proof from [CDM12CDM12, p. 181] first appears
in the literature in the PhD thesis of A. Kaishev which we have been unable to source. Our
computer program also verifies it.
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The same computational method as in 2.4.42.4.4 can be used to find a relation in the f4 weight
system.

Theorem 2.4.8 For the Lie algebra f4, the weight systems obey

Wf4 =
1

2
Wf4 +

1

2
Wf4

+
5

36
Wf4 +

5

36
Wf4 +

5

36
Wf4 .

Proof Direct computation with sagemath. □

The dimension of g2 is 14, and tensor contraction with sagemath is computable on the
author’s ThinkPad T14s with processor AMD Ryzen 7 PRO 5850U in a few seconds. One the
other hand, dim f4 = 52, and calculation takes several hours on a server with two Intel Xeon
E5-2667v3 CPUs. The main bottleneck is tensor contraction, and indeed for e6 (which has
dimension 78), the computation is not feasible on this hardware, at least not with the current
algorithm. There is some hope that this can be done using more efficient tensor contraction
algorithms than those offered by sagemath, but this has not yet been explored.

Finally, we note that for sl4 there is no similar linear relation between the same diagrams.

Theorem 2.4.9 In the weight system corresponding to the Lie algebra sl4, there is no linear
relation between the diagrams

, , , , and .

Proof By computer verification with sagemath, the span of the corresponding tensors in
(sl4)

⊗4 is six-dimensional. □

In summary, while the bookshelf diagramsBn can have arbitrary degree as chord diagrams,
their values under the Lie algebra sl3 [Yan24Yan24], and as we show, also the g2 and f4 exceptional
Lie algebras are bounded in the degree of the quadratic casimir elements of their respective
Lie algebras. While there is hope for using the same method to bound the bookshelf diagrams’
weights under the remaining exceptional Lie algebras, namely e6, e7 and e8, new computational
techniques are almost certainly needed. However for sl4, Theorem 2.4.92.4.9 shows that the same
techniques will certainly not work. As such, this would be a promising place to look for a
counterexample to a theorem in the style of Theorem 2.4.62.4.6, that is a Lie algebra weight system
in which the bookshelf diagrams have a worse-than-quadratic bound or are unbounded in
casimir-degree.

2.5 A universal casimir Lie algebra object

We return to the universal Lie algebra of Vogel which was discussed in Section 2.32.3. For a
long period, Vogel endevoured [Vog97Vog97; Vog11Vog11; Vog99Vog99] to construct this univeral Lie algebra,
however attempts at its construction have so far failed [KMS25KMS25; BM25BM25; KLS25KLS25].
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There is, however, a theoretical construction of Hinnich–Vaintrob [HV00HV00]: they construct a
Lie algebra object in a symmetric monoidal categorywith aweight systemwhich is isomorphic
to A as a bialgebra. This guarantees that every Vassiliev invariant can be constructed from
applying Construction 2.2.62.2.6 to some Lie algebra object in some symmetric monoidal category.
However, it doesn’t give any hints as to which symmetric monoidal category one needs to
work in to construct a particular Vassiliev invariant. In this sense it is useful theoretically, but
not computationally.

Furthermore, the this bialgebra is constructed as a generalised notion of a universal en-
veloping algebra, applied to a Lie algebra object is some symmetric monoidal category, giving
credence to the statement hinted at by Construction 2.2.62.2.6 that “the algebraA behaves like the
universal enveloping algebra of a Lie algebra”.

In this section we review the Hinich–Vaintrob construction, and in Chapter 33, we will
generalise it from Vassiliev invariants of classical knots to those of welded long knots.

A concept that is essential to the construction of Hinich–Vaintrob is that of an operad,
which captures abstractly the general behaviour of associative operations and their iterated
composition. Indeed, when operations on a set are composed by taking as one of their inputs
the output of another operation, these compositions always obey certain rules. If the set is for
example a vector space, the operations too form a vector space, and there is an action of the
symmetric group Sn coming from the permutation of the inputs of the operation. An operad
captures this concept of operations on some object of a category abstractly.

Warning 2.5.1 For all of the below, we assume the monoidal categories are k-linear, k a field
of characteristic zero and the tensor product is bilinear (also known as tensor categories).

Definition 2.5.2 An operad O in the symmetric monoidal category Set consists of:

• a collection of sets, {O(n)}n∈N, with O(n) known as the set of n-ary operations,

• an element id ∈ O(1),

• an action of the symmetric group Sn on each O(n)

• a series of composition functions: for each n and k1, k2, · · · , kn ∈ N

◦n : O(n)⊗O(k1)⊗O(k2)⊗ · · · ⊗ O(kn) −→ O(k1 + k2 + · · ·+ kn)
θ ⊗ θ1 ⊗ θ2 ⊗ · · · ⊗ θn 7−→ θ ◦ (θ1 ⊗ θ2 ⊗ · · · ⊗ θn)

satisfying the following axioms.

(a) That for any θ ∈ O(n), θ ◦n (id, . . . , id) = θ = id ◦1 θ. (The identity axiom.)
(b) Associativity of composition. Let θ ∈ O(n), and θ1 ∈ O(k1), θ2 ∈ O(k2), up to

θn ∈ O(kn), and finally let θ1,1 ∈ O(k1,1), θ1,2 ∈ O(k1,2) through to θkn,1 ∈ O(kkn,1).
The two ways of forming the composition of the three layers of operations: θi,j into θi
into θ are equal. That is,

θ ◦n
(
θ1 ◦k1 (θ1,1, . . . , θ1,k1), . . . , θn ◦kn (θn,1, . . . , θn,kn)

)
is equal to (

θ ◦n (θ1, . . . , θn)
)
◦k1+···+kn (θ1,1, . . . , θ1,kn , . . . , θn,1, . . . , θn,kn).
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(c) An equivariance axiom, that for σ ∈ Sn, and all θ ∈ O(n), and all θ1, . . . , θn,

(θσ) ◦n (θ1, . . . , θn) =
(
θ ◦n (θσ−1(1), . . . , θσ−1(n))

)
σblock

where σblock ∈ Sk1+···+kn is the permutation that block-permutes blocks of size k1
through to kn.

(d) A further equivariance axiom, that for permutations σi ∈ Ski , and all θ ∈ O(n), and
all θ1, . . . , θn,

θ ◦n (θ1σ1, . . . , θnσn) =
(
θ ◦n (θ1, . . . , θn)

)
(σ1 ♯ · · · ♯ σn)

where (σ1 ♯ · · · ♯ σn) ∈ Sk1+···+kn is the block-wise permutation of block i by σi.
(e) That the action of the symmetric group agrees with its action in the symmetric monoidal

category Set.

Accordingly, operads can be considered over any symmetric monoidal category C by re-
placing Set with C in Definition 2.5.22.5.2 and adjusting sets to be objects of C and functions
between sets to be morphisms between the corresponding objects.

The operations in an operad can be also be represented graphically. An operation of arity
n is drawn as a ball with n input lines (coming from above) and a single output line.

a

Composition of operads can then be denoted graphically by connecting the inputs of an op-
eration to outputs of other operations, to form a new compound operation of greater or equal
arity.

a

a b id

This way, relations in an operad can be expressed graphically. As a first example, the asso-
ciativity axiom in Definition 2.5.22.5.2 asserts that when doing doing two series of compositions
between three layers of operations, there is no need for brackets that specify a vertical brack-
eting. That is, connecting the first layer to the second layer to create a compound operation,
then connecting this to the final layer creates the same operation as first connecting the sec-
ond and third layers, and then taking the composition with the first layer. It is because of this
axiom that the diagrams are well-defined without needing a vertical bracketing.

Definition 2.5.3 An algebra over an operad O in the symmetric monoidal category
C is an object X of C with a sequence of operation evaluation maps

O(n)⊗X⊗n −→ X

for all n ∈ N, such that

• the operation evaluation maps are compatible with operad composition,
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• the operation evaluation maps are compatible with permutations in the symmetric
monoidal category C,

• for id ∈ O(1), the operation evaluation map id⊗X → X is the identity map on objects
of C.

All of these conditions are written out explicitly in [Mar08Mar08, Ch. 3].

Essentially, an algebra over an operad in C is an object in C that comes equipped with
operations whose successive compositions obey the rules defined by O.

We now aim to construct the Lie operad as an example of an operad following [Mar08Mar08, Ch.
4]. For constructing the Lie operad, let O be an operad in the symmetric monoidal category
Vect. By Definition 2.5.22.5.2, O is in particular a collection of vector spaces O(n) for n ∈ N,
with a Sn action on eachO(n). In fact,O has a richer structure that this since Definition 2.5.22.5.2
also requires O to come equipped with composition functions satisfying some axioms, but
forgetting this for now, the structure thus described by itself is called an S-module. There is
the category S-mod of S-modules whose morphisms are S-module morphisms: morphisms
that commute with the action of Sn.

Similarly, we write the categoryOper(Vect) of operads in the symmetric monoidal cate-
goryVect. The morphisms from operadsO to P are sequences of linear mapsO(n)→ P(n),
n ∈ N that preserve the identity, preserve composition and commute with the action of Sn.

As such, there is a natural forgetful functor □ : Oper(Vect) → S-mod. It has a left-
adjoint free operad functor Λ : S-mod → Oper(Vect). For details of this construction we
refer the reader to [Mar08Mar08].

We can build an S-module from a single generating operation. For example, let

α =
1 2

denote a generator operation with two inputs.
By abuse of notation we denote by α the S-module in which eachO(n) is the set of iterated

compositions of α. For example
1 2 3

∈ α(3).

With this in mind, we can describe the Lie operad in a simple graphical presentation in
terms of generators and relations

Example 2.5.4 The Lie operad over the symmetric monoidal categoryVect, denoted OLie
is defined as

OLie = Λ(α) /
1 2

= −
2 1

,

1 2 3

+

2 3 1

+

3 1 2

= 0.
♢

Proposition 2.5.5 The algebras over the Lie operadOLie over the symmetric monoidal category
Vect are exactly the Lie algebras.

Proof (sketch) Being objects ofVect, the algebras over Lie are vector spaces. The relations
of example 2.5.42.5.4 provide the axioms of antisymmetry and the Jacobi identity. Since OLie is
constructed as a quotient of the free operad functor on a single generating binary operation,
there are no additional relations than those that can be deduced from antisymmetry and the
Jacobi identity. □
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Recall that the goal of the Hinich–Vaintrob construction is to realise A as the univer-
sal enveloping algebra (or an appropriate generalisation thereof) of a Lie algebra object in
some symmetric monoidal category. Indeed, A is a bialgebra, and Hinich–Vaintrob construct
an object which is categorically a universal enveloping algebra, has a compatible coalgebra
structure, and as a bialgebra is isomorphic to A.

The first step is to create a category whose morphisms encode the internal structure ofA,
i.e. the ASAS and IHXIHX relations, but not yet with a choice of representation or the STUSTU relations.
An important feature of A that enabled the construction of Lie algebra weight systems was
that contraction of tensors corresponding to the Lie bracket or metric/casimir elements was
akin to joining parts of diagrams in A. So a contraction-like operation would be a good start.

Indeed, composition in operads is reminiscent of contraction in a symmetric monoidal
category, with the caveat that there are restrictions on what can be contracted: only outputs
with inputs. Furthermore, in an operad, every operation has exactly one output, so taking the
tensor product to produce an operaton with two outputs in not a natural operation.

A step towards describing the internal structure of A without specifying a Lie algebra
is to allow multiple outputs, thereby considering not just operations with a single output,
but with multiple outputs. Operads are abstractions of the operations on some object (say,
A), i.e. morphisms A⊗n → A. Slightly more generally, props are abstractions of all maps
A⊗n → A⊗m.

Definition 2.5.6 A prop is a symmetric monoidal categorywhere every object is of the form
1⊗n for some object 1. Equivalently, it’s a symmetric monoidal category generated by a single
object. Since props are categories, we use a boldface capital letter to denote them. We denote
the monoidal unit by 0, the generating object by 1, and the object 1⊗n by n.

Definition 2.5.7 An algebra A (in C) over the prop P is a symmetric monoidal functor
α : P→ C, where α(1) = A.

Remark 2.5.8 Under suitable definitions of morphisms of props and operads, there are the
categories Prop andOper, and a pair of adjoint functors.

Oper

Prop

EF ⊣

Here F is the left-adjoint and E is the right-adjoint.
The forgetful functor F takes a propP to the operad whose operations are the (m,1)-ary

elements of the prop (i.e. morphisms withm inputs and one output):

F(P)(m) = P(m,1).

The free functor E maps an operad O to the prop whose (m,n)-ary morphisms are tensor
products of operations from the operad:

E(O)(m,n) =
⊕

f :[m]→[n]

n⊗
i=1

O(|f−1(i)|)

(here the outermost direct sum is over all functions f from {1, . . . ,m} → {1, . . . , n}). The
prop E(O) is also referred to as the envelope of the operad O.
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Proposition 2.5.9 The notions of algebra over a prop and algebra over an operad are equivalent
in the sense that A ∈ C is an algebra over the operad O if and only if it is an algebra over the
prop E(O).

Now the main difference between contraction and partial composition in a prop is the
marking of inputs and outputs. With metric Lie algebras, co- and contravariant indices could
be contracted with the metric or casimir to invert their variance, but in a general prop there
is no way to turn an input into an output.

Recall that the action of the symmetric groups Sn on an operad come from the symmetry
of the symmetric monoidal category C. But this only permutes inputs amongst themselves,
rather than permuting inputs with outputs. In a certain kind of operad, called a cyclic operad,
permutations of inputs with outputs can be effectively achieved, and the distinction between
inputs and outputs is lost. This is achieved, for example by the metric in a metric Lie algebra
which allows it to be identified with its dual and therefore the distinction between co- and
contra- variant elements of the tensor algebra is lost.

Definition 2.5.10 A cyclic operad in C is an operad equipped with a cyclic structure. A
cyclic structure is an action of each symmetric group Sn+1 on O(n) which extends the Sn
action on O(n) and satisfies the cyclic cation condition below.

First we define what we mean by an extension of the Sn action. Formally, let Sn be the
group of permutations of the set {1, · · · , n}. The operad already has an action of Sn on each
O(n) which agrees with the action of the symmetry τ of C.

Let S+
n
∼= Sn+1 be the group of permutations of {0, · · ·n}, and note that the subgroup of

S+
n that fixes 0 is isomorphic to Sn. We say an action of S+

n extends the action of Sn if the
restriction of the action to Sn ⊆ S+

n agrees with the action of Sn on O(n).
For each n ≤ 1, let σc ∈ Sn+1 denote the cyclic permutation sending 0 7→ 1, 1 7→

2, · · · , n 7→ 0. We abuse notation by not making explicit in the name of σc the size n + 1
of the symmetric group Sn+1 on which σc acts as this can be read from context. To be a cyclic
operad, the action of Sn+1 must satisfy the cyclic action condition

(a ◦1 b)σc = (bσc) ◦n (aσc)

for any a ∈ O(m), b ∈ O(n). The axiom ensures that the action of Sn+1 encodes that cyclically
acting on a composition of operations is the same as cyclically acting and then composing.
Graphically, this looks like the following.

a

b


σc =

a

b

(
σc

(
σc

)
)

We denote a cyclic operad with underlying operadO byOcyc. This suffices because we do not
consider operads with multiple cyclic structures.

If we allow the action of σc to be pictured as

a

(
σc

)
= a
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then the relation becomes

a

b

=

b

a

so the cyclic action condition is natural to consider when trying to cyclically permute the
inputs and outputs of the operations in an operad.

The following definition generalises the definition of a metric Lie algebra (which is an
algebra over the cyclic operad object OLie) to an arbitrary cyclic operad.

Definition 2.5.11 For a cyclic operad Ocyc in category C, a metric algebra over Ocyc is a
pair (A,m) of a choice of objectA ∈ C which is an algebra overOcyc together with a symmetric
morphism m : A ⊗ A → k, such that (informally) using m to turn the output into an input
and using its adjoint c to turn the last input into an output implements the action of the cyclic
operad. Formally:

• there exists a morphism c : k → A⊗ A such that the composition

A
c⊗id−→ A⊗ A⊗ A id⊗m−→ A

is the identity (m has an adjoint).

• the composition
O(n)⊗ A⊗n+1 −→ A⊗ A m−→ k

is invariant under the cyclic subgroup Cn+1 of Sn+1.

The conditions above can alternatively and more naturally be phrased in terms of props.

Definition 2.5.12 We define the metric envelope of the cyclic operad Ocyc, denoted
Em(Ocyc) as the prop generated by the propE(Ocyc) alongwith two elementsm ∈ Em(Ocyc)(2,0)
and c ∈ Em(Ocyc)(0,2), satisfying the following conditions:

• The morphisms m and c are are symmetric and mutually adjoint (in the sense of Defi-
nition 2.5.112.5.11).

• Let σc ∈ Sn+1 be the cyclic permutation of Definition 2.5.102.5.10. For each f ∈ O(n), the
diagram

n 1

n+ 2 3

fσc

c⊗id

id⊗f⊗id

id⊗m

commutes.

In other words, in Em(Ocyc), the action of σc corresponds to the cyclic permutation of inputs
and outputs by means of the metric and the casimir.

Using this prop, we can generalise the notion of a metric Lie algebra to an arbitrary sym-
metric monoidal category C.
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Definition 2.5.13 Let (C, τ) be a symmetric monoidal category and Ocyc
Lie the Lie operad in

C. Then themetric Lie algebra objects in C are the algebras over the prop Em(Ocyc
Lie ).

Indeed a metric Lie algebra object in any symmetric monoidal category gives rise to a
weight system. However, we can be slightly more general with the type of objects we permit,
and still product systems. This is is necessary for the universal construction of Hinnich and
Vaintrob, and will be nevessary for our generalisation thereof.

Definition 2.5.14 The casimir envelope of the cyclic operad Ocyc, denoted Ec(Ocyc) is
the prop generated by the prop E(Ocyc) along with the element c ∈ Ec(Ocyc)(0,2) such that:

• The morphism c is symmetric.

• For each f ∈ O(n), the diagram

n− 1 n+ 1

n+ 1 2

c⊗id

id⊗c id⊗f

fσc⊗id

commutes.

Definition 2.5.15 Let (C, τ) be a symmetric monoidal category and Ocyc
Lie the Lie operad in

C. Then the casimir Lie algebra objects are the algebras over the prop Ec(Ocyc
Lie ).

This generalises the notion of a Lie algebra with a casimir element (but not necessarily
with a metric). We call such an object a casimir Lie algebra object.

The reason we did not see an analagous definition earlier in this chapter is the following.
In the case of finite-dimensional Lie algebras, every casimir Lie algebra is a metric Lie algebra.
This is because in finite-dimensional vector spaces, a casimir, being an invariant symmetric
map c : k → A ⊗ A is always has an adjoint, and its adjoint is a metric. So, any rigid
casimir Lie algebra object is a metric one. For example, finite-dimensional casimir Lie algebras,
superalgebras, etc.

The reason to consider casimir Lie algebra objects as opposed to just metric Lie algebra
objects to make the universal construction is the following. Consider specifying a metric Lie
algebra object g in some symmetric monoidal category C. Then the weight systemWg has a
relation of the form

= µ = µ

for some scalar µ. Here the first diagram is formed by pairing the casimir c with the metric
m. This was discussed in Remark 2.2.112.2.11. For example if C = Vect, this is the dimension of
the Lie algebra, or if C = sVect it is the superdimension. This relation is just one example of
a relation between diagrams with no univalent vertices to scalars.

In A there are no such relations. In fact, there are no chord diagrams that have only
trivalent vertices and no univalent vertices. So, metric Lie algebras are the wrong objects to
consider if we want to find a bialgebra isomorphic toA. Instead, algebras having only casimirs
should be considered.
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Definition 2.5.16 The universal Casimir Lie algebra object is the generating object 1 in
the symmetric monoidal category Ec(Ocyc

Lie ). We denote this as 1c ∈ Ec(Ocyc
Lie ).

This object 1c ∈ Ec(Ocyc
Lie ) is the object to which Hinich–Vaintrob apply the following

construction which generalises the notion of a universal enveloping algebra. As in the con-
struction of the classical universal enveloping algebra, this proceeds via constructing a gener-
alisation of the tensor algebra.

Definitions 2.5.17 The global section is the functor

Γ : C −→ Vect
X 7−→ C(k,X)

where k is the tensor unit in C.

Definitions 2.5.18 The external tensor algebra of the algebra A over the operad O is
the algebra

T (O, A) =
⊕
n∈N

O(n+ 1)⊗Sn Γ(A⊗n).

Let oa ⊗Sn α ∈ O(n+ 1)⊗Sn Γ(A
⊗n), and ob ⊗Sn β ∈ O(m+ 1)⊗Sn Γ(A

⊗m). Their product
is defined by the following operad composition

(oa ⊗Sn α) · (ob ⊗Sn β) = (oa ◦1 ob)⊗Sn (α⊗ β).

Diagramatically this composition looks like

oa

α

· ob

β

=

oa

α⊗β

ob

.

Recall from 2.5.32.5.3 that since A is an algebra over O, it comes equipped with maps

O(k)⊗ A⊗k −→ A.

For example, in OLie, setting o ∈ O(k), induces the map Ak → A implementing iterated
composition of the bracket [·, ·]A according to the binary tree o. Taking tensor powers of these
maps induces the maps

O(m1)⊗ · · · ⊗ O(mn)⊗ A⊗
∑

imi −→ A⊗n

and applying the global section functor, we have maps

η(m1,...,mn) : O(m1)⊗ · · · ⊗ O(mn)⊗ Γ(A⊗
∑

imi) −→ Γ(A⊗n).
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Definitions 2.5.19 The external enveloping algebraU(O, A) of the algebraA over the
operadO is the quotient of T (O, A) by theweakest equivalence relationmaking the following
diagram commute for all n,m1, . . . ,mn ∈ N.

O(1 + n)⊗
n⊗
i=1

O(mi)⊗ Γ(A⊗
∑

imi) O(1 + n)⊗ Γ(A⊗n)

O(1 + (
∑

imi))⊗ Γ(A⊗
∑

imi) T (O, A)

id⊗η(m1,...,mn)

◦2⊗···⊗◦n+1

It is easy to get lost in notation here. Let us represent an element

on+1 ⊗
n⊗
i=1

o(mi)⊗ ξ ∈ O(1 + n)⊗
n⊗
i=1

O(mi)⊗ Γ(A⊗
∑

imi)

pictorially as

ξ

on+1

· · ·

· · ·

· · ·

om1

· · ·

omn

∈ O(1 + n)⊗
n⊗
i=1

O(mi)⊗ Γ(A⊗
∑

imi).

There are two ways to produce an element of the external tensor algeba T (O, A) here.
The first is to use the O algebra structure of A to apply the map

η(m1,...,mn) : O(m1)⊗ · · · ⊗ O(mn)⊗ Γ(A⊗
∑

imi) −→ Γ(A⊗n)

to om1⊗· · ·⊗omn⊗ξ. The second is to compose the operations omi
into the (i+1)st components

of the operation on+1. The definition asserts that these are equal in U(O, A). Pictorially,

ξ

on+1

· · ·

· · ·

· · ·

om1

· · ·

omn

=

ξ

· · ·

on+1 ⃝n+1
i=1 omi

.

Example 2.5.20 Let g be a Lie algebra (in Vect). We examine the relation in the external
enveloping algebra U(OLie, g) coming from making the diagram of Definition 2.5.192.5.19 commute
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in the case n = 1,m1 = 2 on the object
ξ

[·,·]

[·,·]
∈ OLie(2)⊗OLie(2)⊗ Γ(g⊗2)

Let us write ξ = ξ(1) = ξ1 ⊗ ξ2. Applying the Lie action map first gives

[·,·]

[ξ1,ξ2]

∈ OLie(2)⊗ Γ(g).

On the other hand, applying the operadic composition first gives
ξ

[·,·]

[·,·]
∈ OLie(3)⊗ Γ(g⊗2)

and by the relations in OLie from Example 2.5.42.5.4,
321

=

1 2 3

−
1 3 2

this is equal to
ξ1⊗ξ2

[·,·]

[·,·]
−

ξ1⊗ξ2

[·,·]

[·,·]
∈ OLie(3)⊗ Γ(g⊗2).

Recalling the definition of the multiplication in Definition 2.5.182.5.18, each of these terms is a prod-
uct in T (OLie, g), so we have

ξ1

[·,·]
·

ξ2

[·,·]
−

ξ2

[·,·]
·

ξ1

[·,·]
∈ OLie(3)⊗ Γ(g⊗2).

In total, we have the relation

[·,·]

[ξ1,ξ2]

=

ξ1

[·,·]
·

ξ2

[·,·]
−

ξ2

[·,·]
·

ξ1

[·,·]
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in U(OLie, g). Alternatively, written as a formula, we have

[ξ1, ξ2] = ξ1 · ξ2 − ξ2 − ξ1

which is exactly the defining relation of a classical universal enveloping algebra. ♢

Let OLie denote the Lie algebra operad over the prop (so therefore symmetric monoidal
category) Ec(Ocyc

Lie ). Recall that Ec(OcycLie is formed from adding the morphism c to E(O), and
the only additional relations imposed involve c, therefore by Definition 2.5.72.5.7, 1c is an algebra
over the operad OLie over the symmetric monoidal category Ec(Ocyc

Lie )

Theorem 2.5.21 ([HV00HV00]) Let U(OLie) denote the Lie operad over the symmetric monoidal
category Ec(Ocyc

Lie ). The algebra U(OLie,1c) is isomorphic as an algebra to A.

We fill out some details left out of the proof in [HV00HV00].

Lemma 2.5.22 Every element of OLie(n), can be written in the form Lπ where L ∈ OLie(n) is
the left-skewed binary tree

L = [·, ·] ◦1 · · · ◦1 [·, ·] ◦1 [·, ·]
and π ∈ kSn, the group algebra of Sn with coefficients in the monoidal unit of C.

Proof Recall from the definition of an operad, there is a Sn-action on OLie(n). We proceed
by induction.

Firstly, the claim is true inOLie(2), as a single bracket is left-skewed. The claim is also true
in OLie(3) because of the relations in OLie

321

=

1 2 3

−
1 3 2

or where σ = (1 7→ 1, 2 7→ 3, 3 7→ 2) ∈ S3

[·, ·] ◦2 [·, ·] = ([·, ·] ◦1 [·, ·])(1− σ).

Recall from Example 2.5.42.5.4 the definition of the Lie operad as the free operad Λ([·, ·]) on a
single generating binary operation [·, ·] modulo some relations. Let O ∈ Λ([·, ·]). From the
equivariance axioms of the operad, if there is some composition into the second component
in O, then (1 − σ) ∈ kS3 determines some τ ∈ kSn such that in OLie, O = O′τ and the
composition in O′ is into the first component. Iterated application of this fact completes the
proof. □

Proof of Theorem 2.5.212.5.21 Let nc denote (1c)
⊗n. For the rest of this proof we denote

Ec(Ocyc
Lie ) simply by Ec.

The algebra U(OLie,1c) is an associative algebra inVect whose objects are elements of

T (OLie,1c) =
⊕
n∈N

OLie(n+ 1)⊗Sn Γ(nc)

=
⊕
n∈N

OLie(n+ 1)⊗Sn Ec(0,n)

Lemma 2.5.222.5.22 induces (vector space) isomorphisms for n ∈ N

OLie(n+ 1)⊗Sn Ec(0,n) ∼= Ec(0,n)
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and therefore a vector space isomorphism

T (OLie,1c) ∼=
⊕
n∈N

Ec(0,n).

Explicitly, Lπ⊗SnE0
∼= L⊗SnE0π 7→ E0π, and writeE = E0π. In words, a homogeneous ele-

ment of T (OLie,1c) in degree n can be written as composition of left-skewed brackets tensored
with a unique morphism E of Ec(0,n).

E

[·,·]

[·,·]

[·,·]

A morphism E ∈ Ec(0,n) is associated to a diagram in A; choose a presentation for E in
the symmetric monoidal category Ec(0,n), this determines a unitrivalent graph with a cyclic
order on the internal vertices, and a linear order on the univalent vertices induced by the
order 1 < 2 < · · · < n. By Proposition 2.1.102.1.10, this map factors through the natural projection
from linear orders on univalent vertices to cyclic orders. This therefore defines a map f :
T (OLie,1c)→ A.

Informally, f is the map which takes an element of the tensor algebra, and interprets it as
a linear Jacobi diagram where the skeleton is the path from the leftmost leaf to the root.

f :

E

[·,·]

[·,·]

[·,·]

7−→
E

We need to show that f factors through the projection to U(OLie,1c). All of the relations
of Definition 2.5.192.5.19 follow from the relation in Example 2.5.202.5.20, so it suffices to prove that the
map factors through that relation. This is just the STUSTU in A.

The map f is surjective: we claim every Jacobi diagram can be presented by a graph whose
edges do not have local minima. If the Jacobi diagram is genus zero, so a tree, then this is
obvious. Suppose the Jacobi diagram as genus m. Then by removing m short arcs from m
of its edges, there is a way to obtain a modified diagram which is again a tree. This can be
presented without local minima, and can be restored to a diagram equivalent to the original
diagram by attaching casimirs to connect those edges that were formed by the removal of
short arcs, a process which doesn’t ontroduce local minima, proving the claim.

The map f is injective because STUSTU is a generating relation forA (Proposition 2.1.72.1.7) and its
preimages in U(OLie,1c) are related by the relation in Example 2.5.202.5.20. This proves the algebra
isomorphism. □
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We turn to the coalgebra structure of U(OLie,1c) and the bialgebra isomorphism to A.
Recall from Proposition 2.1.112.1.11 that the coproduct structure on A is given by the formula

∆(A) =
∑
C⊂S

AC ⊗ AC

where S is the set of connected components of A (not considering the skeleton), C = S ∖ C ,
and AC is the Jacobi diagram consisting of only the subset C of connected components.

Since in the map f : U(OLie,1c)→ A, the path from the leftmost leaf to the root becomes
the skeleton, the correct notion of primitive inU(OLie,1c) is connected components, excluding
the path from the leftmost leaf to the root.

Definition 2.5.23 The coproduct∆ on U(OLie,1c) is defined by pulling the coproduct onA
back through the algebra isomorphism of Theorem 2.5.212.5.21.

Remark 2.5.24 In [HV00HV00] a operad-theoretic characterisation of the primitive elements is
given in terms of modular operads. Recalling from Corollary 2.1.122.1.12 that by the formula for
the coproduct, the primitive elements are exactly the connected components, this also gives a
definition of the coproduct without reference to connected components.

With this definition, we obtain as a corollary an upgrade of the isomorphism of Theorem
2.5.212.5.21 to the level of bialgebras.

Theorem 2.5.25 ([HV00HV00]) The bialgebra U(OLie,1c) is isomorphic as a bialgebra to A.

Proof Recall that in the map f : U(OLie,1c) → A of Theorem 2.5.212.5.21, the path from the
leftmost leaf to the root of an element of U(OLie,1c) becomes the skeleton of a chord diagram
in A. Therefore connected components in A not considering the skeleton map to connected
components inU(OLie,1c) not considering the path from the leftmost leaf to the root. As such,
the formula for the coproduct in both spaces is the same. □

Theorem 2.5.252.5.25 is a formalisation of the statement that “A behaves like the universal en-
veloping algebra of a Lie algebra”. In the next chapter we look at a generalisation of this
statement in the context of welded knots.



3
Welded knots, Ig and arrow diagrams

Taken generally, knot theory is the study of codimension two embedded submanifolds.
The theory of welded knots, or w-knots is a diagrammatic generalisation of knot theory

that relates to knotted tori in R4, and it has its own flavour of Vassiliev invariants. General-
isations of the Vassiliev invariants to objects other than knotted circles in R3 take the name
finite type invariants.

On one hand, welded knots are more complicated topological objects, relating to ribbon
embeddings of tori in four dimensions. On the other hand however their finite type invari-
ant theory is much more manageable than the classical case, so studying the simpler, welded
version of A may shed light on how to study the algebra A, as well as being interesting in its
own right.

3.1 Welded knots

A good and thorough exposition of the theory of welded knots is [BD16BD16; BD17BD17]. Their presen-
tation is in terms of virtual knots and circuit algebras.

The definition of classical knots is first and foremost topological: they are ambient isotopy
classes of embeddings of oriented circles into R3. Due to the Reidemeister theorem, we may
instead work with equivalence classes of planar knot diagrams under the Reidemeister moves.

With welded knots, the definition is the other way around. We will define them diagram-
matically as equivalence classes of an extended notion of knot diagrams under an extended
set of Reidemeister moves.

Definition 3.1.1 Awelded knot is an immersed curve inR3, where each four-valent planar
vertex is decorated as one of the following types, respecting the orientation of the planar curve.

, ,

The third crossing type is called a virtual crossing.
The equivalence relations are planar isotopy and:

65
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(a) The (framed) Reidemeister moves

∼ ∼ , ∼ , ∼ (R1f, R2, R3)

(b) The virtual Reidemeister moves

∼ , ∼ , ∼ , (VR1, VR2, VR3)

∼ (VR4)

(c) The overcrossings commute relation

∼ (OC)

Remarks 3.1.2 (a) There should technically be two variants of R1f, another in which all
crossings are changed, and the same is true for VR4. This is even before orientation
is taken into account: all of the moves are true for each choice of orientation of each
strand.

(b) The moves VR1, VR2 and VR3 govern how virtual crossings interact with each other.
The move VR4 governs how virtual crossings interact with classical crossings. It implies
that strands consisting of only virtual crossings may be freely rerouted around classical
crossings. The interpretation of this fact can be found in [Kau99Kau99].

(c) In the OCOC relation, the order of the two overcrossings along the middle strand changes,
hence the name. The version of OCOC in which the crossings are changed is called under-
crossings commute and is not an imposed relation: undercrossings do not commute
for welded knots. Indeed, allowing undercrossings to commute would trivialise welded
knots. For an explanation of why this lack of symmetry is to be expected in terms of the
tube map, the curious reader is referred to [BD16BD16, Sec. 2.2].

There is also a topological interpretation of welded knots, but it is not known exactly how
well the topological object represents the diagrammatic one: welded knots are ambient isotopy
classes of ribbon-embedded tori in R4, up to a global orientation reversal move, and poten-
tially some further moves [Sat00Sat00; AMY25AMY25]. The map from welded knots to ribbon embedded
tori is known as the tube map. We do not discuss the details here, instead referring the reader
to [Aud16Aud16]. For the purposes of this thesis, we define finite type invariants of welded knots
from their diagrammatic definition, remaining confident that welded knots topologically cor-
respond to something close to ribbon-knotted tori modulo a global orientation reversal move
in R4.

In fact, we can even avoid the trouble of the global orientation reversal move by passing
to welded long knots. Since we have not yet defined classical long knots, we start with that.
The word “long” indicates that the role of the circle in the definition is replaced by a line.

Definition 3.1.3 A (classical) long knot an embedding of the line k : R ↪→ R3, with the
condition that k(t) = (t, 0, 0) for all large |t|.
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For the finite type theory, the algebra A of Jacobi diagrams (and chord diagrams), is re-
placed with an algebra defined similarly, but with the the circular skeleton replaced by a line.
The relations are the same (either STUSTU or 4T4T), but instead of the univalent vertices having a
cyclic order they have a linear order. The notation A(|) is used for this algebra, in which the
skeleton is drawn as an argument.

There was no need to define long knots earlier because in the classical case, long knots and
knots are in bijection with each other and the theory (including the finite type theory) is the
same for both long and regular knots. Recall Proposition 2.1.102.1.10 as evidence of this fact. In the
welded case however the long theory has the advantage of eliminating the global orientation
reversal move.

Definition 3.1.4 A welded long knot is similar to a welded knot except that instead of an
equivalence classes of planar curves it is an equivalence planar immersions ℓ : R → R2 such
that ℓ(t) = (t, 0) for all large |t|.

For why this eliminates the global orientation reversal we refer the reader again to [Sat00Sat00]
and also [BD17BD17, Corrigendum].

3.2 Arrow diagrams

The finite type theory of welded long knots is defined similarly to that of classical long knots.

Definition 3.2.1 A singular welded long knot is a welded long knot whose crossings can
also (as well as being a double point) be of the following types

, .

They are known as positive semi-virtual crossings and negative semi-virtual crossings,
and they correspond to topological singularities of ribbon-knotted tori.

A singular welded long knot ism-singular when it has a total ofm singularities.
The set of singular welded long knots forms an algebra with the product given by con-

catenation and coproduct∆(k) = k⊗ k. This is called the algebra of singular welded long
knots, K•

w,m(|).
The algebra of 0-singular welded long knots, or just the algebra of welded long knots

K•
w,0(|) = Kw(|) is filtered by the images of succesive powers of ∂, and the filtration is com-

patible with the bialgebra structure.

Definition 3.2.2 The boundary operator ∂ : K•
w,m → K•

w,m−1 is defined dependent on the
type of singularity.

∂
( )

= −

∂
( )

= −

The derivative operator δ is defined onm-singular invariants as the adjoint to ∂.

The notions of invariants of m-singular welded long knots, their differentiability, and the
derivative and boundary operators transfer from the classical case over to the welded case. As
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a consequence of these definitons, we can express the positive-to-negative crossing change
via a sum of semivirtuals

∂
(

+
)
= − .

Note also that the above is also equal to

∂
( )

,

and this relation is homogenous, so the filtration of K•
w,m is respected.

Long arrow diagrams are defined from singular welded knots just as chord diagrams are
defined from singular knots.

Definitions 3.2.3 (a) A long arrow diagram of order m is an oriented line (the skele-
ton) with a distinguished set ofm ordered pairs of points, considered up to orientation-
preserving diffeomorphism of the line. The set of all long arrow diagrams forms an
algebra Dw(|). The product is induced by the natural connected sum operation on long
knots, and the coproduct is given by formula as in the classical case (Definition 1.4.61.4.6),
but with single arrows considered primitive. This is called the bialgebra of long arrow
diagrams, and it is also graded by degree, where single arrows are of degree one.

(b) The long arrow diagram of an m-singular welded long knot, denoted σ(k) is the
arrow diagram formed as follows. Traverse the welded long knot, andwhenever a singu-
larity is encountered, place a point on the skeleton. If the hollow part of the singularity
is traversed, place a tail, and if the filled part is traversed place a head. Points on the
skeleton corresponding to the same singularity are paired, and the order of the pair is
tail first, then head.

Example 3.2.4

σ7−→

♢

Just as in the classical case, there are natural relations to consider on arrow diagrams in-
duced by welded equivalence. Namely, there are directed versions of the 4T4T, and another
relation called the TCTC relation.

A directed 4T4T equation holds for each choice of orientation of the two chords involved in
the classical 4T4T relation. We skip the definitions of the directed 4T4T; like for classical knots,
we prefer to work with unitrivalent diagrams and directed versions of STUSTU, ASAS and IHXIHX which
we will soon define, and from which (just like the classical case) the directed 4T4T relation can
easily be deduced.

As for the TCTC relation, it is a consequence of the OCOC relation, and the germ of the vast
differences between the welded and classical finite type theories.

Definition 3.2.5 The TC relation (tails commute relation)

= . (TC)
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Definition 3.2.6 A long arrow Jacobi diagram is an equivalence class of oriented uni-
trivalent graph where every trivalent vertex has two edges oriented inwards, and one edge
oriented outwards, with the following additional data:

• at each trivalent vertex, a cyclic order of the incident edges,

• a fixed linear order on the univalent vertices,
modulo:
(a) Any of the following three types of directed STU relations:

= − . (STU)

= − . (STU)

= − . (STU)

Note that even though the skeleton is the line rather than the circle, we still draw it
curved to distinguish it.

(b) The directed AS relation for any rotation of two-invalent-one-outvalent vertex. For
example,

= − . (AS)

(c) The directed IHX relations, for any pair of neighbouring two-invalent-one-outvalent
vertices. For example,

= − . (IHX)

(d) The TCTC relations, as given in Definition 3.2.53.2.5.
The algebra of long arrow Jacobi diagrams is denoted Jw(|), and as in the classical case (since
directed STUSTU, TCTC imply directed 4T4T) we also write it as Aw(|).

The main difference betweenJw(|) = Aw(|) andJ (|) = A(|) is the tails commute relation
which drastically reduces the complexity of the welded verson of the algebra.

Warning 3.2.7 From this point it is clear when talking about welded objects we mean long
welded objects. So, we write Aw(|) as Aw, and don’t necessarily specify that they are long.

The algebrasKw andAw are also coalgebras, with coproducts that mirror the classical case.

Definitions 3.2.8 (a) The coproduct ∆ on k ∈ Kw is given by the formula

∆(k) = k ⊗ k.
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(b) The coproduct ∆ on A ∈ Aw is given by the formula

∆(A) =
∑
C⊂S

AC ⊗ AC

where S is the set of connected components (not considering the skeleton) of A, and
C = S ∖ C .

We omit the proofs that these turn theAw andKw into bialgebras because they mirror the
proofs in the classical case.

The existence of a finite type invariant Z for welded knots establishes a welded version of
the fundamental theorem.

Theorem 3.2.9 ([BD16BD16]) There exists a universal Vassiliev invariant Zw : Kw → Aw.

Unlike the involved construction for the Kontsevich integral Z , the construction of Zw is
relatively simple. The TCTC relation does all of the heavy lifting. A proof can be found in [BD16BD16].

Corollary 3.2.10 (Fundamental theorem of Vassiliev invariants of welded knots)
We have the graded bialgebra isomorphism

Aw ∼= grKw.

Equivalently,
Vw ∼= grWw.

3.3 Welded weight systems and Lie algebras

There is a variant of Construction 2.2.62.2.6 for welded knots, taking a Lie algebra and constructing
a weight system. The difference is that vertices in string diagrams now have incoming edges
(“heads”) and outgoing edges (“tails”), and diagramatically, edges can only be contracted in a
way that agrees with the half-edges’ orientations. Recall that this restriction was not imposed
in the classical case, and accomodating this was the reason to restrict to metric Lie algebras.
Hence, in the welded case we can consider any Lie algebra, without the metric restriction.

Construction 3.3.1 Apply Construction 2.2.62.2.6, but when associating to each trivalent vertex
a copy of the tensor [·, ·] ∈ g∗ ⊗ g∗ ⊗ g, also ensure that the inward oriented half-edges are
associated to g∗ components, and the outward oriented half-edges to the g component. In
addition to the preservation of cyclic orders (recall Warning 2.2.72.2.7), this determines a bijection
between the half-edges of each trivalent vertex and the components of the associated tensor.

For each edge between trivalent vertices, contract the corresponding tensors along the
components corresponding to those half-edges. The signature of the components will always
allow for the contraction from the fact that connected half-edges are always oriented coher-
ently.

The result is a tensor product in copies of g and g∗, where the number of copies of g and
g∗ is the number of univalent vertices of the diagram in Aw.

Note an imporant difference to the classical case. There are now two types of univalent
vertices that connect to the external line: heads and tails. Heads correspond to elements of
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g and tails to elements of g∗. Therefore, the role of U(g) in the classical case must be played
here by some other associative algebra whose basis elements are words in g ⊔ g∗.

Analysing the STUSTU relations involving the external line should tell us what kind of object
replaces U(g). There are three cases to examine:

, and .

All three cases, are commutator-like relations, so the correct associative algebra target for the
weight system is still the universal enveloping algebra of some Lie algebra. However since the
connections to the external line can now be either heads or tails, representing elements of g
and g∗, the Lie algebra as a vector space is g∗ ⊕ g.

Interpreting tails and heads in these STUSTU relations as elements of g∗ ⊕ 0 or 0 ⊕ g rather
than g∗ or g determines the bracket on g∗ ⊕ g. For example, the STUSTU with two heads on the
external line implies that the bracket on 0⊕g should be inherited from the bracket on g. Note
that below, the text labels denote arbitrary elements of the relevant spaces, rather than the
relevant spaces themselves, as usually appear in string diagrams.

x y

[x,y]

=

x y

x y

−

x y

y x

So, [0⊕ x, 0⊕ y] = 0⊕ [x, y]g.
From the lack of vertices in Aw of type

ϕ ψ

[ϕ,ψ]

or equivalently the TCTC relation, we see that the bracket on g∗ ⊕ 0 should be the zero-bracket.

ϕ ψ

ϕ ψ

−

ϕ ψ

ψ ϕ

= 0

This gives [ϕ⊕ 0, ψ ⊕ 0] = 0⊕ 0.
So far we have the direct sum of vector spaces g∗⊕g, with a bracket structure on the 0⊕g

and g∗ ⊕ 0 direct summands. Let us consider g∗ ⊕ g as the direct sum of Lie algebras, g with
its bracket and g∗ with the trivial (i.e. abelian, zero) bracket. Thus, to give g∗⊕ g a Lie algebra
structure, the additional information to provide is the bracket outside the subspaces g∗ and
g. Since the vertices are two-in-one-out, there are still vertices of signature g ⊗ g∗ → g∗ or
g∗⊗g→ g∗ to consider. In fact by antisymmetry, we only need to consider one of these cases,
let us consider g⊗ g∗ → g∗.

Note that this information is equivalent to defining an action of g on g∗. Recall that the
Lie-algebra direct sum of two Lie algebras a and b, with a choice of action of b on a is exactly
the definition of a Lie algebra semidirect sum a⋊b [Ost13Ost13]. With a bit of work, the remaining
‘mixed’ STUSTU relations determine such an action. One such relation is

x ψ

ξ

=

x ψ

x ψ

−

x ψ

xψ

.
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Let us determine the functional ξ in terms of x and ψ. There is only one type of nonzero
trivalent vertex in Aw, so this is the same tensor as 0 ⊕ g case, just viewed from a different
component. That tensor is [·, ·] ∈ g∗ ⊗ g∗ ⊗ g so ξ satisfies the equation [·, ·] = x∗ ⊗ ξ ⊗ ψ∗

whereby
[x, ξ∗] = ψ∗ so ψ([x, ξ∗]) = 1.

Therefore, ξ ∈ g∗ is the functional

ξ : t 7−→ ψ([x, t]).

This is also known as the coadjoint action, ξ = ad∗
x(ψ) because it is the functional adjoint

to adx(ψ). Writing this in terms of the bracket on g∗ ⊗ g,

[0⊕ x, ψ ⊕ 0] = ad∗
x(ψ)⊕ 0.

Recall, the ASAS relation gives [ϕ⊕0, 0⊕y] = − ad∗
y(ϕ)⊕0. Hence, the total Lie algebra structure

on g∗ ⊕ g is given by the Lie algebra Ig defined as follows.

Definition 3.3.2 Let g be a finite-dimensional Lie algebra, and let g∗ denote the vector space
g∗ with the structure of an abelian Lie algebra. Then let Ig denote the Lie algebra g∗ ⋊ g with
the bracket

[ϕ⊕ x, ψ ⊕ y] = ad∗
x(ψ)− ad∗

y(ϕ)⊕ [x, y].

Remark 3.3.3 This construction coincides with the Drinfeld double [Dri88Dri88] of the Lie bial-
gebra g, in the case where g is co-commutative.

Proposition 3.3.4 ([BD16BD16]) Construction 3.3.13.3.1 gives a well-defined algebra homomorphism
Aw → U(Ig).

Proof The relations inAw are generated by STUSTU and TCTC. We have shown that these relations
are also true in U(Ig). □

3.4 The universal welded weight system

The aim of this section is to prove a Hinnich-Vaintrob style statement for Aw. That is, to
construct a Lie algebra object in a category, whose universal enveloping algebra is isomorphic
to Aw.

Recall that in the classical case, the Lie algebra object was in the categoryEc(OLie), since its
morphisms and composition can be used to implement contraction (the connection of trivalent
vertices) in A which resembles the structure of g. In Aw, the contraction is similar, and as
seen from Section 3.33.3 but instead resembles the structure of I(g); trivalent vertices can only
be contracted along half-edges whose orientations agree. Recall from Construction 2.2.62.2.6 that
it was the addition of the Casimir element which casued the ambiguation of elements g with
g∗, allowing directionless contraction, and indeed I(g) is not necessarily a Casimir Lie algebra.
Thus, the corresponding category in the welded case should be able to distinguish elements
of g and g∗. This can be achieved with a type of category called a 2-coloured prop.

Definitions 3.4.1 An n-coloured prop is a symmetric monoidal category whose object
monoid is generated freely by n objects.
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The definition of an algebra over a prop (Definition 2.5.72.5.7) extends naturally to coloured
props as well.

Since themorphisms in the welded case should reflect the structure of I(g), and the bracket
on I(g) decomposes depending on whether x ∈ I(g) is in g or g∗, the category ought to have
two objects, 1 and 1∨ and be linear. Further, instead of the contraction being implemented
through composition and the metric and Casimir elements as in Ec, the objects 1 and 1∨

should behave like duals, so recalling Definition 2.3.62.3.6 (d)(d), should be rigid with evaluation and
coevaluation morphisms ι : 1∨ ⊗ 1 → k and ε : k → 1 ⊗ 1∨. The contraction in the
corresponding category for the welded case should be implemented via composition and these
evaluation and coevaluation morphisms.

In view of these comments, the following categoryTι is analogous to the metric envelope
of the Lie operad Em, but includes as objects both tensor powers of g but also tensor powers
of g∗ and its morphisms describe the structure of Ig rather than g.

Definition 3.4.2 We define a symmetric monoidal category Tι. It is a k-linear category
and its object monoid is freely generated additively and monoidally by the objects 1 and 1∨.
Denote the objects 1⊗n and (1∨)⊗n as n and n∨ respectively, as well as (1∨)⊗n⊗1⊗k as n∨+k.

The generating morphisms of Tι are given by

Tι(k,n) =
⊕

f :[k]→[n]

n⊗
i=1

OLie(|f−1(i)|),

as well as evaluation and coevaluation morphisms ι : 1∨ ⊗ 1→ k and ε : k → 1⊗ 1∨. These
morphisms satisfy the relations induced by OLie and the relations

(id1 ⊗ ε) ◦ (ι⊗ id1) = id1

and
(ε⊗ id1∨) ◦ (id1∨ ⊗ ι) = id1∨

(that is, 1 and 1∨ are rigid with coevaluation and evaluation maps ι and ε respectively).

In terms of string diagrams, the string diagrams that describeTι are oriented, so they have
heads and tails.

Again however, there is the problem that Tι also describes arrow diagrams with no uni-
valent vertices. Recall that the motivation behind Definition 2.5.142.5.14 was to exclude the metric
morphism as not to describe chord diagrams with no univalent vertices. The motivation for
the following definition is similar.

Definition 3.4.3 The symmetric monoidal category Tε is the symmetric monoidal subcat-
egory of Tι generated by the a bracket morphism β ∈ Tι(2,1) (for reference, this obeys the
same relations as α in Example 2.5.42.5.4), the morphism ε ∈ Tι(0,1

∨⊗1) (but not ι ∈ Tι(1⊗1∨))
as well as the morphisms

aℓ = (id1∨ ⊗ ι) ◦ (id1∨ ⊗ β ⊗ id1∨) ◦ (ε⊗ id1 ⊗ id1∨)

and
ar = ((ι ◦ τ)⊗ id1∨) ◦ (id1∨ ⊗ β ⊗ id1∨) ◦ (id1∨ ⊗ id1 ⊗ (ε ◦ τ))
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which in terms of string diagrams are

1

1

1∨

⊗1 ⊗

⊗

1∨ ⊗

⊗ ⊗

1

1∨

1∨

1∨

1∨

and

1

1

1∨

⊗ 1⊗

⊗

1∨⊗

⊗⊗

1

1∨

1∨

1∨

1∨

respectively. (These morphisms aℓ and ar give the “bracket” between 1 and 1∨ in the sense of
Ig.)

Denote I = 1∨ ⊕ 1 ∈ Tε. We will define a morphism y : I ⊗ I → I that makes I into
a Lie algebra object in Tε. Note that by the k-linearity of Tε, a map of sigature I ⊗ I → I
is determined by eight maps of similar signature between objects 1∨ or 1. Indeed expanding
I = 1∨ ⊕ 1, we get by the distributivity of ⊗ with ⊕ that

y : (1∨ ⊗ 1∨)⊕ (1∨ ⊗ 1)⊕ (1⊗ 1∨)⊕ (1⊗ 1) −→ 1∨ ⊕ 1.

Theorem 3.4.4 Let y : I⊗ I→ I be the morphism

y = β ⊕ aℓ ⊕ ar.
Then I is a Lie algebra object of Tε with morphism y.

Proof Recall that y is a morphism from
y : (1∨ ⊗ 1∨)⊕ (1∨ ⊗ 1)⊕ (1⊗ 1∨)⊕ (1⊗ 1) −→ 1∨ ⊕ 1.

but that a morphism with this domain and codomain is by definition of⊕ a sum of eight maps
of signatures

1∨ ⊗ 1∨ → 1∨, 1∨ ⊗ 1∨ → 1,

1∨ ⊗ 1→ 1∨, 1∨ ⊗ 1→ 1,

1⊗ 1∨ → 1∨, 1⊗ 1∨ → 1,

1⊗ 1→ 1∨, 1⊗ 1→ 1

but that y is defined to be the respective zero morphism for all but three of these terms, namely
β : 1 ⊗ 1 → 1, aℓ : 1 ⊗ 1∨ → 1∨ and ar : 1∨ ⊗ 1 → 1∨. Thus, by linearlity when taking
compositions of y with itself (including with symmetries such as τ in various places), the only
non-zero terms will be found where the codomains of β, aℓ and ar in the first factor of the
composition match with the domains of β, aℓ and ar in the second factor of the composition.
We will use this fact frequently without statement in the proof.

We have

y =

1

1⊗1

+

1

1

1∨

⊗1 ⊗

⊗

1∨ ⊗

⊗ ⊗

1

1∨

1∨

1∨

1∨

+

1

1

1∨

⊗ 1⊗

⊗

1∨⊗

⊗⊗

1

1∨

1∨

1∨

1∨
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(where here the trivalent vertex is β). There are two statements to prove:
(a) The generalised antisymmetry of (I, y), namely

y + y ◦ τ = 0

(b) The generalised Jacobi identity of (I, y), namely

(y ◦ (y ⊗ idI)) ◦ (1 + τ123 + τ132) = 0.

For the proof of (a)(a), observe that y + y ◦ τ contains six terms: β + β ◦ τ ∈ Tε(1 ⊗ 1,1),
aℓ+ ar ◦ τ ∈ Tε(1⊗ 1∨,1∨) and ar + aℓ ◦ τ ∈ Tε(1

∨⊗ 1,1). It suffices to check that each of
these components are zero.

In the component Tε(1 ⊗ 1,1), we have β + β ◦ τ = 0. This relation is simply the
antisymmetry of the bracket β (with which 1 is a Lie algebra object inTε) — in terms of string
diagrams this is

1

1⊗1

+

1

1⊗1

⊗ 11

= 0.

We also have aℓ + ar ◦ τ ∈ Tε(1⊗ 1∨,1∨). Diagramatically this is

1

1

1∨

⊗1 ⊗

⊗

1∨ ⊗

⊗ ⊗

1

1∨

1∨

1∨

1∨

+

1

1

1∨

⊗ 1⊗

⊗

1∨⊗

⊗⊗

1

1∨

1∨

1∨

1∨

⊗ 1∨1

∈ Tε(1⊗ 1∨,1∨).

Substituting

1

1⊗1

= −

1

1⊗1

⊗ 11
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into the first term, we get

−

1

1

1∨

⊗1 ⊗

⊗

1∨ ⊗

⊗ ⊗

1

1∨

1∨

1∨

1∨

1∨ 1⊗⊗ ⊗1 1∨

+

1

1

1∨

⊗ 1⊗

⊗

1∨⊗

⊗⊗

1

1∨

1∨

1∨

1∨

⊗ 1∨1

∈ Tε(1⊗ 1∨,1∨).

Indeed, the two diagrams are equal and therefore their difference is zero. This follows from
the relation

1

1⊗1

⊗ 11

1⊗ 1 ⊗

⊗1⊗1 1

1

=

1 ⊗ 11

1⊗ 1 ⊗1

which is a consequence of the fact that morphisms in Tε are direct sums of elements of OLie
(Definition 3.4.23.4.2), and the equivariance axioms of the Lie operad in Definition 2.5.22.5.2.

The same argument proves that ar + aℓ ◦ τ = 0 ∈ Tε(1
∨ ⊗ 1,1), completing the proof of

(a)(a).
Continuing on to the proof of (b)(b), we first compute y ◦ (y ⊗ idI). There are nine terms

to consider, but some vanish due to being in different components of the direct sum — only
those terms where the output object of the first morphism matches the input morphism of the
second morphism are non-zero. For example, ar ◦ (β⊗ idI) = 0 is one of the vanishing terms.
Of the nine terms, only four fail to vanish for this reason. Namely,

y ◦ (y ⊗ idI) = β ◦ (β ⊗ idI) + β ◦ (aℓ ⊗ idI) + aℓ ◦ (ar ⊗ idI) + ar ◦ (ar ⊗ idI).

The string-diagrammatic version of this expression is

1

1⊗1

1⊗ 1⊗1

+

1⊗ ⊗1

1

1

1∨

⊗1 ⊗

⊗

1∨⊗

⊗ ⊗

1

1∨

1∨

1∨

1∨

1∨

+

1

1

1∨

⊗ 1⊗

1⊗

1 ⊗

⊗ ⊗

1∨⊗

⊗ ⊗

1 1

1∨

1∨

1∨

1

1

1∨

⊗ 1⊗ 1∨⊗

⊗⊗

1∨

1∨

1∨

+

1

1

1∨

⊗ 1⊗

⊗

1∨⊗

⊗⊗

1

1∨

1∨

1∨

1

1

1∨

⊗ 1⊗ 1∨⊗

⊗⊗

1

1∨

1∨

⊗ 11∨ ⊗ 1

.
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It remains to show precomposing this expressionwith (1+τ123+τ132) gives the zeromorphism
from I⊗ I⊗ I→ I.

Indeed, for the first term we have

β ◦ (β ⊗ idI) ◦ (1 + τ123 + τ132) = 0

from the fact that 1 is a Lie algebra object with morphism β.
Note here that if x,y, z ∈ {1,1∨} and f : x⊗ y ⊗ z→ 1∨ then f ◦ (1 + τ123 + τ132) has

components in x⊗y⊗ z→ 1∨, y⊗ z⊗x→ 1∨ and z⊗x⊗y→ 1∨. Therefore, the analysis
with the remaining three terms is not as simple, as the domains are not cyclically invariant
tensor products in {1,1∨}.

It remains to show that

(β ◦ (aℓ ⊗ idI) + aℓ ◦ (ar ⊗ idI) + ar ◦ (ar ⊗ idI)) ◦ (1 + τ123 + τ132)

vanishes. This morphism in Tε(I ⊗ I ⊗ I, I) only has components in Tε(1 ⊗ 1 ⊗ 1∨,1∨),
Tε(1⊗ 1∨ ⊗ 1,1∨) and Tε(1

∨ ⊗ 1⊗ 1,1∨) so it suffices to check these components.
We provide the calculation in the Tε(1 ⊗ 1 ⊗ 1∨,1∨) component — the proof that the

other components follow from similar arguments. Indeed in Tε(1⊗ 1⊗ 1∨,1∨) we have the
contributions

β ◦ (aℓ ⊗ idI) ◦ 1 + aℓ ◦ (ar ⊗ idI) ◦ τ132 + ar ◦ (ar ⊗ idI) ◦ τ123.

Diagramatically, that is

1⊗ ⊗1

1

1

1∨

⊗1 ⊗

⊗

1∨⊗

⊗ ⊗

1

1∨

1∨

1∨

1∨

1∨

⊗1⊗1 1∨

+
1

1

1∨

⊗ 1⊗

1⊗

1 ⊗

⊗ ⊗

1∨⊗

⊗ ⊗

1 1

1∨

1∨

1∨

1

1

1∨

⊗ 1⊗ 1∨⊗

⊗⊗

1∨

1∨

1∨

⊗1⊗1 1∨

+

1

1

1∨

⊗ 1⊗

⊗

1∨⊗

⊗⊗

1

1∨

1∨

1∨

1

1

1∨

⊗ 1⊗ 1∨⊗

⊗⊗

1

1∨

1∨

⊗ 11∨ ⊗ 1

⊗1⊗1 1∨

.

Simplifying these terms via the rigidity relations of Definiton 2.3.62.3.6 (d)(d) as well as the antisym-
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metry of the bracket β, we arrive at

1 ⊗

1

1⊗1 ⊗

⊗ ⊗1∨

1∨

1∨⊗

⊗ ⊗1∨

1∨

11∨

⊗ 1 ⊗

⊗1⊗1

⊗11

11

⊗ ⊗

⊗⊗

1∨

1∨

1

1 1∨

1∨

1∨

1∨

⊗

+

1 ⊗

1

1⊗1 ⊗

⊗ ⊗1∨

1∨

1∨⊗

⊗ ⊗1∨

1∨

11∨

⊗ 1 ⊗

⊗1⊗1

⊗11

11

⊗ ⊗

⊗⊗

1∨

1∨

1

1 1∨

1∨

1∨

1∨

⊗

+

1 ⊗

1

1⊗1 ⊗

⊗ ⊗1∨

1∨

1∨⊗

⊗ ⊗1∨

1∨

11∨

⊗ 1 ⊗

⊗1⊗1

⊗11

11

⊗ ⊗

⊗⊗

1∨

1∨

1

1 1∨

1∨

1∨

1∨

⊗

(specifically, the first and third terms are simplified only by the rigidity relations, while the
second term is simplified by the rigidity relations and two applications of the antisymmetry of
β). Finally, β is a Lie algebra object in Tε, and since the three terms in this expression factor
through the generalised Jacobi identity for β, we have

1 ⊗

1

1⊗1 ⊗

⊗ ⊗1∨

1∨

1∨⊗

⊗ ⊗1∨

1∨

11∨

⊗ 1 ⊗

⊗1⊗1

⊗11

11

⊗ ⊗

⊗⊗

1∨

1∨

1

1 1∨

1∨

1∨

1∨

⊗

+

1 ⊗

1

1⊗1 ⊗

⊗ ⊗1∨

1∨

1∨⊗

⊗ ⊗1∨

1∨

11∨

⊗ 1 ⊗

⊗1⊗1

⊗11

11

⊗ ⊗

⊗⊗

1∨

1∨

1

1 1∨

1∨

1∨

1∨

⊗

+

1 ⊗

1

1⊗1 ⊗

⊗ ⊗1∨

1∨

1∨⊗

⊗ ⊗1∨

1∨

11∨

⊗ 1 ⊗

⊗1⊗1

⊗11

11

⊗ ⊗

⊗⊗

1∨

1∨

1

1 1∨

1∨

1∨

1∨

⊗

= 0

completing the proof. □

We therefore obtain the following description of the algebra Aw.

Theorem 3.4.5 Let I denote the Lie algebra object 1 ⊕ 1∨ (with the morphism y) in the two-
coloured prop Tε. The algebra U(OLie, I) is isomorphic to Aw as a filtered algebra.

With the appropriate definitions in place, the proof follows the proof of Theorem 2.5.212.5.21.

Proof We denote objects I⊗n in Tε as nI. Recall the definition of T (OLie, I) as

T (OLie, I) =
⊕
n∈N

OLie(n+ 1)⊗Sn Γ(nI)

=
⊕
n∈N

OLie(n+ 1)⊗Sn Tε(0,nI).
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By Lemma 2.5.222.5.22, from the Sn-action on OLie, any element t ∈ T (OLie, I) may be uniquely
written as

t =
⊕
n∈N

Ln+1 ⊗Sn An

with Ln+1 the left-skewed bracket in OLie(n + 1) and An ∈ Tε(0,nI). This defines a vector
space isomorphism

T (OLie, I) −→
⊕
n∈N

Tε(0,nI)

t 7−→
⊕
n∈N

An.

We define the map f : T (OLie, I)→ Aw as the above isomorphism composed with sending
each An to the arrow diagram in Aw that it presents.

Recall that by Definition 2.5.192.5.19, the associative algebra U(O, I) is a quotient of T (O, I) by
the weakest relations that assert the following diagram commutes for all n,m1, . . . ,mn ∈ N.

OLie(1 + n)⊗
n⊗
i=1

OLie(mi)⊗Tε(0,
∑

imi) OLie(1 + n)⊗Tε(0,n)

OLie(1 + (
∑

imi))⊗Tε(0,
∑

imi) T (OLie, A)

id⊗η(m1,...,mn)

◦2⊗···⊗◦n+1

Just like in the classical case of Example 2.5.202.5.20, the relations in the algebraAw can be recovered
from this diagram. Indeed, in the special case n = 1,m1 = 2, the diagram is an equality in
OLie(2) ⊗ OLie(2) ⊗ Tε(0,2I). Specifying the morphism y ⊗ y ⊗X and leaving as arbitrary
X ∈ Tε(0,2I), this reduces to the directed STUSTU and TCTC relations. The map f therefore factors
through the quotient to U(OLie, I).

The map f is clearly surjective as every arrow diagram which can be presented by a
graph whose edges do not have local minima. The arrow diagram can therefore be presented
with only coevaluation maps (caps), and trivalent two-in-one-out vertices. A morphism in
Tε(0,nI) is built by presenting the two-in-one-out vertices by morphisms

1

1⊗1

,

1

1

1∨

⊗1 ⊗

⊗

1∨ ⊗

⊗ ⊗

1

1∨

1∨

1∨

1∨

and

1

1

1∨

⊗ 1⊗

⊗

1∨⊗

⊗⊗

1

1∨

1∨

1∨

1∨

and caps by the coevaluation morphism ε.
The map is injective because we have shown that U(OLie, I) has the directed STUSTU relations

and the TCTC relation. Just like in the classical case, the ASAS and IHXIHX relations follow from STUSTU, so
any equalities in A are also observed in U(OLie, I). □

Just like the classical case, we define a bialgebra structure on U(OLie, I) via the algebra
isomorphism with Aw.
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Definition 3.4.6 The coproduct ∆ on U(OLie, I) is defined by pulling the coproduct on Aw
back via the isomorphism of Theorem 3.4.53.4.5.

We obtain as a corollary the following Hinich–Vaintrob style theorem for the bialgebra
Aw.

Theorem 3.4.7 The bialgebra U(OLie, I) is isomorphic to Aw as a filtered bialgebra.

Recall that the raison d’etre of Theorem 2.5.252.5.25 was to formalise the informal statement
that “the bialgebra A of chord diagrams behaves like the universal enveloping algebra of a
Lie algebra”. Interpreting Theorem 3.4.73.4.7 in the same manner, its statement becomes that “the
bialgebra Aw or arrow diagrams behaves like the universal enveloping algebra U(Ig) of a
cocommutative Drinfeld double Ig of a Lie algebra g”.

Remark 3.4.8 For classical weight systems Theorem 2.5.212.5.21 proves that every weight sys-
tem (so every functional on A) comes from applying Construction 2.2.62.2.6 to some Lie algebra
object in some symmetric monoidal category. However, for welded weight systems, this is
also achieved as a corollary of [BD16BD16, Thm. 3.26] which states that the universal finite type
invariant of welded knots Zw is equivalent to the Alexander polynomial.

It is also known that the Alexander polynomial factors through the weight systemWgl1|1

[FKV97FKV97], and since every welded weight system factors through Zw, they all factor through
Wgl1|1 . As such, for welded weight systems the generality of Construction 2.2.62.2.6 to arbitrary
symmetric monoidal categories is overkill and it suffices to consider sVect and Lie super-
algebras, specifically gl1|1. Our Theorem 3.4.53.4.5 gives an alternative, categorical proof of this
fact.
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